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Abstract. Physical systems with symmetries are described by functions containing kine- 
matical and dynamical parts. We consider the case when kincmatical symmetries are de- 
scribed by a noncompact semisimplc real Lie group G. Then separation of kincmatical parts 
in the functions is fulfilled by means of harmonic analysis related to the group G. This 
separation depends on choice of a coordinate system on the space where a physical system 
exists. In the paper we review how coordinate systems can be chosen and how the corre- 
sponding harmonic analysis can be done. In the first part we consider in detail the case 
when G is the de Sitter group SOo{l, 4). In the second part we show how the corresponding 
theory can be developed for any noncompact semisimple real Lie group. 
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1 Introduction 

A symmetry is mathematically described by some group G. If a system (a system of particles in 
quantum mechanics, a system of differential equations, a system of particles in macrophysics etc) 
admits a symmetry that is given by a group G, then a function (functions) that describes this 
system (wave functions, scattering amplitudes, solutions of a system of differential equations, 
functions describing a motion in macrophysics etc) contains a part (parts), that is determined by 
the symmetry (and is independent of a concrete system), and a part (parts) that characterizes 
a concrete system. 

For example, if a system A of differential equations admits a symmetry group G, then, using 
the symmetry, very often one can reduces this system A to simpler system B that does not have 
a symmetry described by the group G. In fact, the system B is obtained from the system A by 
excluding the symmetry (see, for example, pQ). 

As another example, we cite scattering theory (see, for example, [2]). A scattering amplitude 
decomposes into series in spherical functions Yj^(9, <p) that characterize a symmetry with respect 
to the rotation group 50(3). Coefficients of this decomposition are called partial amplitudes. 
Partial amplitudes depend on smaller number of variables and they characterize the scattering 
under consideration. There are different collections of partial amplitudes corresponding to 
different types of scatterings, whereas the functions 1^(0,^) are the same for all types of 
scatterings. 

Separation in the functions, characterizing a system, of a part (parts) depending on symmetry 
and of a part (parts) characterizing a concrete system is in fact separation of kinematic and 
dynamical parts. Essential part for studying of a concrete system is a dynamical one. For 
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this reason, separation of a dynamical part in a function (in functions), characterizing a given 
physical system, is a very important procedure. For example, a dynamical part in scattering 
theory is represented by partial amplitudes which can be directly compared with experimental 
data. 

In a simplest case, separation of kinematic and dynamical parts is a representation of func- 
tions, characterizing a system, as a product of kinematic and dynamical parts. It is a degenerate 
case. 

In a more general case (when a symmetry group is compact), functions describing a system 
are represented as a sum of products of kinematic and dynamical parts (it is a case in the 
scattering theory). 

A main aim of this paper is separation of kinematic parts in functions, describing a system, 
and studying these parts. The first step in separation of parts, depending on symmetries, is 
choosing variables in such a way that a part of these variables corresponds to the symmetries 
(kinematical variables) and remaining ones correspond to dynamics of the system. Further on, 
one studies harmonic analysis of the kinematical part. Under such analysis, functions describing 
a physical system are considered as functions depending only on kinematical variables, that is, 
one pays no attention to dynamical variables. 

In the framework of the harmonic analysis of the kinematical part, the functions are expanded 
into basis functions which are common eigenfunctions of a collection of self-adjoint operators 
that are determined by the symmetry group. It is clear that coefficients of such expansion 
depend on dynamical variables. 

Such collection of self-adjoint operators is not determined uniquely. This collection depends 
on kinematical variables. Kinematical variables are not determined uniquely too. As a rule, 
choice of kinematical variables depends on a dynamical problem that has to be solved. 

There exists a one-to-one correspondence between the following collections: 

(a) a collection of kinematical variables; 

(b) a chain of subgroups of the symmetry group G; 

(c) a collection of self-adjoint differential operators that rule, Casimir operators of 
the group G and of members of the chain of subgroups. These Casimir operators are very 
often Laplace operators expressed in the corresponding coordinate systems. 

A description of such triples for an example of the sphere S n ~ l in the n-dimensional Euclidean 
space with the symmetry group SO{n) is given in |4] . Coordinates (kinematical variables) 
in this case are polyspherical. There are different types of polyspherical coordinates. Laplace 
operators on the corresponding manifolds of 5 n_1 expressed in the corresponding polyspherical 
coordinates serve as a collection of self-adjoint operators. Subgroups of the rotation group SO{n) 
(corresponding to the chosen type of polyspherical coordinates) with successive inclusions serve 
as a chain of subgroups of SO{n). Note that harmonic analysis of functions given on quotient 
spaces of the group SO(n) is used extensively in nuclear physics (see [5JE] and references therein). 

In this paper we review the case when a symmetry group G is a simple noncompact Lie 
group (for example, the Lorentz group, the de Sitter group, the conformal group etc). The case 
when G coincides with the motion group SOo(l,2) of the upper sheet of the hyperboloid in the 
3-dimensional Minkowski space-time is simple and well-known (see, for example, Chapter 7] 
and [8]). The case when G = SOo(l, 3) is also well-studied (see, for example, (9j [101 E] ) ■ In the 
relativistic physics, the groups SO(3), SOq(1,2), 150(3) and S0q(1,3) appear as little groups 
for the Poincare group ISO {l,3) (see pi EH E] ) . 

As an example, in the first part of the paper we consider in detail the case when G is the de 
Sitter group S'Oo(l,4) that is a motion group of the 5-dimensional Minkowski space-time. This 
space is a base space for the Caluza-Klein theory. 
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In the second part of the paper we consider the case when G is a generic linear simple 
noncompact real Lie group. Then G is a group of n x n matrices, where n is some positive 
integer. We define a hyperboloid and a cone with motion group G and consider how different 
coordinate systems can be determined on them. Then we perform harmonic analysis of functions 
given on these general hyperboloids and cones in these coordinate systems. For this purpose, the 
general harmonic analysis on semisimple noncompact Lie groups [15] and on the corresponding 
homogeneous spaces [16] is used. Different coordinate systems on a hyperboloid and on a cone 
with a motion group G are connected to different decompositions of the group G into products 
of its subgroups (the Iwasawa decomposition, the Cartan decomposition, the generalized Cartan 
decomposition etc). 

The basis for this review is our books [31 [T7]- Our consideration is closely related to spe- 
cial functions and orthogonal polynomials, especially with those special functions which admit 
orthogonality relations. In [31 [T7] and also in [THJ, [19] one can find a detailed description of 
the relation between the group representation and special functions. The basic information on 
special functions and orthogonal polynomials may be found in [20|. I2T] . 



2 The de Sitter group SOo(l,4) and its representations 

The de Sitter group 5'Oo(l,4) consists of all real 5x5 matrices g with detg = 1 which leave 
invariant the quadratic form 

2 2 2 2 2 

JjQ Jb^ Jb<2 d/Q X^. 

The Lie algebra so (1,4) of SOq(1,4:) consists of all real matrices 






aoi 


ao2 


ao3 


ao4 


am 





-a\2 


-an 


-ai4 


ao2 


Ol2 





-fl23 


-«24 


a-03 


Ol3 


a23 





-034 


d04 


ai4 


024 


034 






Thus, the Lie algebra so(l,4) is spanned upon the basis elements 

L rs = -e rs + e sr , s,r = 1,2,3,4, s < r, (2.2) 
L 0r = e 0r + e r0 , r = 1,2,3,4, (2.3) 

where e rs is a matrix with matrix elements (e rs ) pq = 5 rp 5 sq . The basis elements (|2.2p and fj2.3j) 
satisfy the commutation relations 

[Lfu,, L p s] = g^pL^s + g^sLpp - g w L v $ - g v $L pp , p, //, u, 8 = 0, 1, 2, 3, 4, (2.4) 

where g^o = 9ok = ^ofci 9ks = —dksi k,s = 1,2,3,4. The maximal compact subgroup K of 
«SOo(l,4) is isomorphic to the group SO (4) and consists of matrices 

(II) • ^ so < 4 >- 

In construction of representations of the group SOq(1,4) one uses the Cartan decomposition 
of the Lie algebra so(l, 4) and the Iwasawa decomposition of SOq(1, 4). In the Cartan decompo- 
sition so(l, 4) = so(4) + p the subspace p is spanned by basis elements (|2.3p . Let a be a maximal 
commutative subalgebra in p. This subalgebra is one-dimensional. The matrix Lq4 can be taken 
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as a basis element of a. The subgroup A = exp a is important in the representation theory of 
the group 50q(1,4). This subgroup consists of matrices 



cosh a sinha 

10 

10 

1 

sinha cosh a 



< a < oo. 



(2.5) 



Using the commutation relations (|2.4j) . one directly checks that the Lie subalgebra n of so(l,4) 
with the basis Lqi + L14, L02 + L24, L03 + -^34 is nilpotent and, moreover, commutative. The 
subgroup N = expn of 50q(1,4) consists of the matrices 



l + (r 2 + s 2 +t 2 )/2 



t 

r 
s 

„2 1 „2 



(r 2 + s 2 + t 2 )/2 



-(r 2 + s 2 + t 2 )/2 



-t 
-r 

-s 

„2 1 „2 



1- {r 2 + s 2 + t 2 )/2 



(2.6) 



with t,r,s G R. The subgroups X = 50(4), ^4 and A determine the Iwasawa decomposition 



5O (l,4) = 50 (4) • NA 



of 500(1, 4). The subgroup M of 50(4) C 50o(l,4), whose elements commute with elements 
of A, is isomorphic to the group 50(3). The subgroup 



P = SO (3) • NA 

is called a parabolic subgroup of 50o(l,4). This subgroup is used for construction of irreducible 
unitary representations of 50o(l,4). 

Now we construct representations ir$\ of the principal nonunitary series (and, consequently, 
of the principal unitary series) of the group 50o(l,4). These representations are constructed 
by means of irreducible unitary representations 5 of the subgroup 50(3) and of complex linear 
forms A on the subalgebra a. Since irreducible unitary representations 6 of the subgroup 50(3) 
are given by a non-negative integer or half-integer I and a linear form A is given by a com- 
plex number a = X(Lq^), then the representations irsx are determined by the numbers I and a. 
For this reason, we use the notation 7T; CT for the representations ir$\. We shall use only those 
representations TTi a for which I = 0. These representations will be denoted by 7r°". The represen- 
tations -K a are characterized by the property that the restriction n^lgou) contains the trivial 
(one-dimensional) representation of the subgroup 50(4). Moreover, they exhaust all principal 
nonunitary series representations of 50o(l,4) with this property. These representations are 
called representations of class 1 with respect to 50(4). 

For a = ip — §, p € R, the representations 7r CT are unitary and belong to the principal unitary 
series. 

The group 50o(l,4) has two independent Casimir operators 

F = L 12 + I/13 + ^14 + ^23 + -^24 + -^34 ~~ ^01 ~~ -^02 ~~ -^03 ~~ -^04) (2-7) 
W = (^12-^24 — L13L24 + Ll4-^23) 2 

— (Lo2-^34 — -^03-^24 + L04L23) 2 _ (^01-^34 — -^03-^14 + Lo4,Lis) 2 

— {L01L24 — LQ2L14 + L04L12) 2 — (L01L23 ~~ L02L13 + L03L12) 2 . (2.8) 
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It is known (see, for example, [22]) that the Casimir operator W vanishes on the represen- 
tations ir a of 500(1,4). The Casimir operator F takes on the representations ix a the values 

-<7(<7 + 3). 

Under restriction to the subgroup K = SO '(4), the representation 7r CT decomposes into a direct 
sum of irreducible representations of 50(4) with highest weights (m, 0), m = 0, 1, 2, ... . The 
group 50(4) is locally isomorphic to the group 50(3) x 50(3). The irreducible representation 
of 50(4) with the highest weight (m,0), as a representation of 50(3) x 50(3), is given by the 
numbers y and y. 

Let us consider representations of 50o(l,4) realized on functions on the upper sheet of the 
two-sheeted hyperboloid and on functions on the upper sheet of the cone. The upper sheet H 4 
of the two-sheeted hyperboloid H 4 can be obtained as a quotient space 50o(l, 4)/50(4). In 
order to show this, we consider the upper sheet H+, 

H 4 : xl - x\ - x\ - x\ - x\ = 1, x > 0, (2.9) 

and the point x° = (1,0,0,0,0) on it. Elements of 50o(l,4) transform the hyperboloid H+ 
into Hi. Besides, for any two points x' and x" of Hi there exists an element g G 50o(l,4) 
such that gx' = x", that is, the group 50o(l,4) acts transitively on H 4 .. A set of points 
of 50o(l,4), leaving the point x° invariant, coincides with the subgroup 50(4). Therefore, 
H^_ can be identified with 50o(l, 4)/50(4). Note that on H 4 . the 4- dimensional Lobachevsky 
space C 4 is realized, which is also called the de Sitter space. As to the spherical functions on 
this space, see in [23]. 

One constructs on functions f(x) given on H\ the quasi-regular representation of the group 
50o(l,4). Let ^(H 4 .) be the Hilbert space of functions on H+ with the scalar product 

(/i,/ 2 )= / fi{x)Mx)diM(x), (2.10) 

where dp(x) is an invariant (with respect to 50o(l,4)) measure on Hi. This measure is deter- 
mined by the formula 

dp(x) = d 4 x/xQ = dxidx2dx^dxi/ xq. 

The quasi-regular representation 7r of 50o(l,4) is given on L 2 (i?^) by the formula 

<g)f{x) = f(g~ l x), x e H 4 . (2.11) 



It is easy to show that this representation is unitary. However, this representation is reducible 
and decomposes [24] into a direct integral of irreducible unitary representations 7r°" (a = — \ + ip, 
< p < 00). 

The quasi-regular representation of 50o(l,4) on the Hilbert space L 2 {C\) of functions on 
the upper sheet C\ of the cone O 4 , 

C4 . 2 2 2 2 2 r\ \ n 

_l_ '. Xq 0C<2 — U, Xq J> 

is constructed analogously: 

<g)f(x) = f{g- x x), x G C%. (2.12) 

The cone C\. can be identified with the homogeneous space 50o(l, 4) /(SO (3) x N). In order 
to check this we have to take the point x° = (1,0,0,0, 1) G C\ and to verify that 50(3) x N 
is a subgroup of 50o(l,4) whose elements leave x° invariant. The subgroup 50(3) x iV is 
isomorphic to the group ISO(3) of motions of the 3-dimensional Euclidean space. 
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The representation f|2. 12j) is unitary with respect to the scalar product 



(/i,/ 2 )= / fi(x)f 2 (x)dn(x) 



(2.13) 



on L 2 {C\). Here dfi(x) = d 4 x/xQ is an invariant (with respect to SOo(l,A)) measure on C\. 
This representation is also reducible. Irreducible unitary representations of SOo(l,4:) can be 
constructed on spaces of homogeneous functions on the cone (see, for example, [25J). Repre- 
sentations of the group 50o(l>4) (as well as of the group SOo(l,p)) are well investigated (see 



Under exposition of harmonic analysis of functions on the homogeneous space of the 
group 500(1)4) we shall use the method developed by Vilenkin and Smorodinsky [9] for the 
Lorentz group SOo(l, 3) and the results of the paper [23] related to the integral geometry. 

The de Sitter group SOq(1, 4) is used in different branches of contemporary physics pJT]. This 
is a group of motions of a symmetric Riemannian space-time, which generalizes the Poincare 
group ISOq(1,3) [32]. The de Sitter group SOq{1,A) is known as a group of invariance of 
non-relativistic hydrogen atom since it contains the dynamical group SOq(1,3>) (continuous 
spectrum) and the dynamical group SO (A) (discrete spectrum) [33j|34]. There exist also other 
directions of applications of the de Sitter group [35] . 

3 Subgroups of the group S'Oo(l,4) 

Below we shall construct different bases of the space L 2 (H^_) and shall derive formulas for 
expansion of functions of L 2 (H+) in these bases. However, we shall consider not arbitrary bases 
of L 2 (H^_) but only those of them which correspond to chains of subgroups of the group SOq(1, 4). 
These bases can be constructed also by means of collections of commuting self-adjoint operators. 
Basis functions on consist of common eigenfunctions of these collections of operators. Bases 
of the space L 2 (C+) are constructed analogously. 

A standard way for construction of a collection of self-adjoint operators is to construct the 
corresponding chain of subgroups G' D G" D G'" D ■■■ of SOq(1,A). Then one creates com- 
muting self-adjoint operators, consisting of Casimir operators of the subgroups of the chain. To 
each such chain there corresponds a collection of self-adjoint operators. 

We consider these collections of operators as differential operators on homogeneous spaces of 
the group SOq(1,A) (on the hyperboloid H\ or on the cone C\). For obtaining these differential 
operators, we construct coordinate systems such that the corresponding variables can be sepa- 
rated in the differential equations for eigenvalues and eigenfunctions of the collection of oper- 
ators. To each chain of subgroups (and, therefore, to each collection of self-adjoint operators) 
there corresponds such coordinate system. 

In this section we determine subgroups of the group SOq(1,4) that will be used for construc- 
tion of chains of subgroups. 

In order to deal with self-adjoint operators, we shall use the elements = \L^ U of so(l,4) 
instead of elements L^ u . For 10 generators J^ w of the group SOq(1, 4) we introduce the notations 



[28 [221231 Eg EDI). 




(3.1) 
(3.2) 
(3.3) 
(3.4) 



In these notations we have the following expressions for Casimir operators: 



F = (P 2 + N 2 ) - (P 2 + M 2 ), 
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W = (M • P) 2 — (P M — P x N) 2 — (M • N) 2 . 

Commutation relations for the generators M, P, N and Pq are of the form 

[M k ,Mi] = ie k i m M m , [N k , N t ] = -ie klm M m , [P k ,Pi] = ie Hm M m , 
[M k ,Ni] = ie klm N m , [M k , P L ] = \e klm P kU 
[M k ,N k ] = [M k ,P k ] = [M k ,P ] = 0, 

[P ,N k ] = iP k , [P ,P k )=iN k , [Pk,Ni\ = i6 kl Pi,, (3.5) 

where e k i m , k,l,m = 1,2,3, is the antisymmetric tensor of the third order equal to or ±1. 
Using the generators M, P, N and Pq we construct subgroups of the group 50o(l,4). 

Subgroup SO(3). This subgroup corresponds to the generators M = (M±, M 2 , M 3 ) of the 
Lie algebra so (1,4): 

\M k ,M l \=\e klm M m . (3.6) 

Subgroup 50(4). There are the generators M = (M l ,M 2 , M 3 ) and P = (P x , P 2 , P 3 ) of the 
Lie algebra so(l,4) corresponding to this subgroup: 

[M k ,Mi] = i£ klm M m , [M k , Pi] = ie klm P m , [P k , Pi] = ie klm M m . (3.7) 



Taking the linear combinations V = (M + P)/2, V = (M — P)/2, we obtain instead of (|3T 
the relations 

[V k ,Vi] =ie k i m V m , [V k \V l ']=ie klm Vj n , [V k ,V t ']=0, (3.8) 

that is, triples of the operators V and V constitute bases of two independent Lie algebras so(3). 
This means that the group 50(4) is locally isomorphic to 50(3) (g> 50(3). 

Subgroup 50o(l,3). It is the Lorentz group which is generated by M = (M\, M 2 , M3) and 
N = (N\, N 2 , N3). We have the commutation relations 

[M k ,Mi] = ie klm M m , [M k , N t ] = ie klm N m , [N k , N t ] = -ie klm M m . (3.9) 

If we introduce the generators = (M + iN)/2 and L^ 2 ^ = (M — iN)/2, then we obtain the 
commutation relations for the generators of the Lie algebra so(3): 

[4 T) ,L| r,) ] = ie klm L^5 TTl , t,t' = 1,2. (3.10) 

Subgroup 50o(l, 1) 50(3). This subgroup is generated by the generators M = (Mi,M 2 , 
M 3 ), P Q . We have 

[M k ,Mi] = ie klm M m , [M k , P ] = 0. (3.11) 

Subgroup 50o(l, 2)® SO 1 {2). This subgroup is generated by the generators N±, N 2 , M3, P3. 
They satisfy the commutation relations 

[N t , N 2 ] = -iM 3 , [M 3 ,Ni]=W 2 , [M 3 , N 2 ] = -1N1 , 

[M 3 , P 3 ] = [N u P 3 ] = [N 2 , P 3 ] = 0. (3.12) 

The subgroup SO' (2) of the group 50o(l, 2) (g) SO' {2) is generated by the generator P 3 . 

Subgroup 750(3). We create from the generators Pi, P 2 , P 3 and N±, N 2 , N3 of the Lie 
algebra so(l,4) the following linear combinations: 

E 1 = P 1 + Ni, E 2 = P 2 + N 2 , E 3 = P 3 + N 3 . (3.13) 
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It is easy to show that two triples of generators E = (E\,E2, E 3 ) and M = (Mi, M2, M 3 ) satisfy 
the commutation relations for the basis generators of the Lie algebra ISO(3), which is the Lie 
algebra of the group of motions of the 3-dimensional Euclidean space M 3 . These relations are 

[M k ,Mi] = ie klm M m , [M k , E{\ = le klm E m , [E k , E t ] = 0. (3.14) 

This group is a semidirect product of the group 50 (3) and the group T(3) of shifts in R 3 , 
750(3) = 50(3) x T(3). Note that T(3) coincides with the subgroup N. 
Subgroup 750(2). Three operators 

£ 1 = E 1 , £ 2 = E 2 , £ 3 = E 3 +M 3 (3.15) 

generate the Lie algebra of the group ISO(2) such that 150(2) C 750(3). We have 

[fi,f 2 ] = 0, [£ 1 ,£ 3 } = -i£ 2 , [£2,83] =&v (3.16) 

Subgroup I SO (2) <£> T±. The set of generators E±, E2, M 3 , E 3 satisfying the commutation 
relations 

\E k ,Ej) = 0, [M 3 ,E 3 ]=0, [M 3 ,E 2 ] = -iE 1 , [M 3 , Ex] = iE 2 (3.17) 

generate a Lie algebra of the group 150(2) ® T± belonging to the group 150(3). The group T± 
is a group of shifts along of the direct line, which is perpendicular to the plane with the group 
of motion I SO (2). The generators M 3 and E 3 generate the subgroup 50(2) <g) T± of the group 
750(2) ® Tj. and we have [M 3 , £3] = 0. 

Subgroup T(3). A basis of the Lie algebra of the group T(3) C 750(3) consists of the 
generators £1, £2, £3. Each of the generators E k generates a one-parameter subgroup T k C T(3) 
of shifts along the corresponding coordinate axes. 

4 Coordinate systems on hyperboloid 
and generators of the group SOo(l,4) 

In this section we consider coordinate systems on the hyperboloid 77+ and find differential form 
of generators of the de Sitter group 50o(l, 4) in an explicit form. Points of the hyperboloid 77+ 
are characterized by 5 orthogonal coordinates x^, fi = 0,1,2,3,4, such that 

tt4 r 1 ._ 2 2 2 2 2 _ -i ^ n 

±± i . \X ^ XJ . — Xq X-y X2 X3 X4 — 1, Xq S> U. 

These coordinates are called homogeneous. Since [x,x] = 1, then the numbers x„, giving a point 
x of the space 77 + = £ 4 , are in fact its projective coordinates. 

New coordinates on 77 + will be given by means of relations connecting them with the coor- 
dinates x^, fj, = 0, 1, 2, 3, 4. 

Spherical coordinate system 5 (coordinates a, /3, 9, (p): 

xo = cosha, x\ = sinha sin/3 sin 9 cos </?, X2 = sinh a sin /3 sin 9 sin y?, 

X3 = sinh a sin /3 cos X4 = sinh a cos /?, (4-1) 

< a < 00, sC 0, 9 < 7r, < 0< 2vr. 

Hyperbolic coordinate system 77 (coordinates a, b, 9, </?): 

xq = cosh a cosh 6, xi = cosh a sinh 6 sin 9 cos </?, 



Eigenfunction Expansions of Functions Describing Systems with Symmetries 



9 



X2 = cosh a sinh 5 sin # sin £3 = cosh a sinh 6 cos X4 = sinha, (4-2) 

-00 < a < 00, O < co, ^ 9 < n, ^ p> <2ir. 

Orispherical coordinate system O (coordinates a, r, 9, p): 

xq — X4 = e a , xq + X4 = e~ a + r 2 e a , 

x\ = e a r sin#cos(/?, X2 = e a r sin # sin c^, X3 = e a rcos#, (4.3) 
-00 < a < co, ^ r < co, 0^6*<7r, sj; 9? < 27r. 

Orispherically-cylindric coordinate system OC (coordinates a, £, z, y?): 

x -x4 = e a , x + x 4 = e"~ a + (£ 2 + z 2 )e a , 

x\ = e a £ cosy?, X2 = e a £ sin 99, X3 = e a £, (4-4) 
— 00 < a < co, ^ £ < 00, —00 < z < 00, ^ ip < 2ir. 

Orispherically-translational coordinate system OT (coordinates a, yi, 1/2, 2/3): 

xq — £4 = e a , xq + £4 = e~ a +y 2 e a , 

x x = e a y x , x 2 = e a y 2 , p 3 = e a y 3 , (4.5) 
V 2 = Vi +2/2 +vh -oo < a < cx), -co < yi < co. 

Cylindric coordinate system C (coordinates a, b, 6, p): 

xq = cosh a cosh 6, x\ = sinh a sin cos p, X2 = sinh a sin sin y?, 

x 3 = sinha cos 9, X4 = cosh a sinh b, (4-6) 

a < co, -co < b < co, < 6* < 7r, ^ 99 < 2ir. 

Spherically- hyperbolic coordinate system SH (coordinates a, b, p, $): 

xq = cosh a cosh 6, x 1 = cosh a sinh 6 cos p, X2 = cosh a sinh b sin </?, 

X3 = sinh a cos X4 = sinh a sin (4.7) 

< a, b < co, ^ tp,® < 27T. 

Now we go to the representation (|2.1ip of the group SOq(1,4) realized on the space L 2 (H^). 
This representation gives in fact a realization of this group on the hyperboloid . Functions of 
the space L 2 (H^_) can be considered as functions of parameters of any of the coordinate systems 
on iJf. We shall give a differential form of infinitesimal operators of the representation (|2.1ip 
or, equivalently, a differential form of generators of the group SOq(1,A), realized on H+. 

Let I be an infinitesimal generator of the group SOo(l,4), realized on iTf. Then exptl is 
a one-parameter subgroup of SOq(1,4). The operator 7r(expt/) acts on L 2 (H^_) as 

7r(expt/)/(x) = /((expt/)- 1 x). 

Since ir(I) = ^7r(exp tI)t=o, then 

7 r(/)/(x)=lim/ ((eXpt/r t lx) - /(x) . (4.8) 
Thus, in the homogeneous coordinates x^ we have 
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(Here and below we write down the operators it (I) as I.) Substituting into (|4.9p the expressions 
for Xn, /U = 0, 1, 2, 3, 4, in terms of the corresponding coordinates we find a differential form of 
the generators I in these coordinates. Let us give the result of such calculation. 
S'-system: 

( d 3 \ ( 3 3 

M\ = — i — sin p— — cot cos Q9— — , M2 = — i cos 09— — cot sin Q9— — 
\ 30 dp J \ 30 op 

3 ( 3 3 
M3 = — i— — , Po = — i cos 3— coth a sin /?■ 



dp ' \ da 3/3 J ' 

n • f ■ n d ^sino? 9 

Pi = — 1 1 — sm cos 09— — cot p cos cos 09— + cot p- 



3/3 r r d6 r sm9 dp J ' 

d n n ■ ° n COSl P ° 

P2 = — 1 I — sm sm 09— — cot p cos sm 93— — cot p- 



3/3 "56* ^ sin 3</9 

( d d 

P 3 = -1 I - cos 0— + cot 3 sm 0— 

( d d 

N\ = — i sin /? sin cos p— — h coth a cos /3 sin cos 99— 
\ 3a 3p 

cos cos 09 3 sin p d 

+ coth a : — - — — — coth a- 



sin /3 30 sin /3 sin dp 

( d d 

N2 = — i sin 3 sin sin o?— — h coth a cos 3 sin sin (/?— — 
\ da dp 

cos sin 99 3 cos p d 

+ coth a : — - — — + coth a- 



sin /? 30 sin /3 sin 9 dp 

_ 3 . n n d . sin0 3 

7V3 = — 1 sm p cos 0— — h coth a cos p cos 0— — coth a- 



3a 3/3 sin /3 30 



//-system: 



3 3 \ / 3 3 

Mi = — i ( — sin w— — cot cos Q9— — , M2 = — i cos 09— — cot sin 09—— 
30 dp J \ 30 3(^ 



3 / 3 3 

— — , Po = — i cosh 6— tanh a sinh 6— 

3o? \ da do 



( 3 3 

Pi = — i sinh 6 sin cos p— tanh a cosh b sin cos p— 

\ da db 

. cos cos 05 3 , sin 09 3 

— tanh a — — - — — + tanh a- 



sinh b 30 sinh b sin dp J ' 

/ 3 3 

P2 = — i sinh 6 sin sin 09— tanh a cosh 6 sin sin 09— 

\ da db 

, cos sin 93 3 cos 09 3 

— tanh a — — — — — tanha- 



sinh b 30 sinh b sin 3o9 

3 3 sin 3 

P3 = — i ( sinh b cos 0— tanh a cosh 6 cos 0— + tanh a- 



da db sinh b 30 

3 3 sin 93 3 

iVi = — 1 I sm cos ^7:7 + coth b cos cos — coth 0- 



36 30 sin 3o9 y 

3 3 cos </? 3 

iV2 = — 1 sm sm 09— + coth cos sm 09— + coth 0- 



36 30 sin0 3</9 



3 3 
N3 = — i I cos0— — coth b sin 0— 
3o 30 
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O-system: 

.(. d n d\ % , . ( d d 

Mi = — 1 — sm (p— — cot 9 cos w-— , M.2 = — 1 cos p— — cot 9 sin 927— 

\ 06 dp J \ 00 dp 

d ( d a 

M 3 = -i— , p = _i __ + r _ 
dp \ da or J 

( d e~ a d 

Pi = —i< -r sin 9 cos p— H \-e~ a + (r 2 + l)e a ] sin 9 cos ip— 

I da 2 or 

- ^V" + (r 2 - l)e°] cos 9 cos <J- + ^[ e - + (r 2 - l)e«]^| A 
2r c/p 2r sm # op J 

f 9 e~ a d 

P2 = — i < — r sin sin ip— — | [— e~ a + (r 2 + l)e a ] sin sin <y?— 

I oa 2 or 



- ^-[e~ a + (r 2 - l)e a ] cos sin - — [e~ a + (r 2 - l)e a \-. 

2r 08 2r sm op J 

P 3 = -i ( -r cos + ^ [-e" a + (r 2 + l)e a ] cos (9-^- 
[ da 2 Or 

+ ^[e- a + (r 2 -lK]sin^}, 

f d e~ a d 

Ni = — i < r sin cos 99— [— e~ a + (r 2 — l)e a ] sin 9 cos 

[ da 2 dr 

+ — [e~ a + (r 2 + l)e a ] cos 9 cos P^~ — [e~ a + (r 2 + l)e al Sm ^ 9 



2r 50 2r sin 9 dp 

( d e~ a d 

N2 = — i < r sin 9 sin p— [— e~ a + (r 2 — l)e a ] sin 9 sin 

[ da 2 dr 

+ e — [ e ~ a + (r 2 + l)e a ] cos 9 sin p A + — [e~ a + (r 2 + l)e al C ° S 1/5 9 



2r d9 2r sin# dp 

N 3 = -Ar cos - —\-e- a + (r 2 - l)e a ] cos^^- 
[ da 2 dr 

e- a r _„ . , 2 „ 



— [e- + (r^ + l)e a ]sin^- j . 

OC-system: 

„ , . / . 3 9 cos p d 
Mi = — 1 I — z sm p— + § sm p— z- 



di 1 ^^dz ~ e dip j' 

( 9 . d sinp d \ , , .9 

= -1 cos ^_ - e cos ^- - - j , M 3 = -i-, 

p - if — + e— + 2— 

\ 5a <9£ dz 
Pi = -i^co S p-^- + ^[-e~ a + (e-z 2 + l)e a ] cos ^ 

+ iz cos <^ + ^- [e" a + (£ 2 + z 2 - l)e a ] sin p-^- \ , 

P 2 = -i {-£sin^ + ^W" + (e 2 - ^ 2 + l)e a ] sin^^ 

+ ^ sin ip— - — [e- a + {f + z 2 - l)e a ] cos p— . , 
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Pi = - 
P3 = -i\ -2/3 





d 




<9yi 








d 










a 


d 


d 


dyi 


+ 2/2^— 


+ 2/3^— 


a 


d 


d 


<9yi 


+ 2/2^— 


+ 2/375— 
oy3 



^=- i {-4 + 4 +£ ? [ "°- (z2 - f2+i) ^ 

iVi = -i |e cos + £_ [e~ a + (z 2 - e 2 + l)e a ] cos ^ 

- z( cos ip — - e — [e~ a + (f + z 2 + l)e a ] sin 
N 2 = -i I £ sin + [ e -« + - £ 2 + l) e «] sin <^ 

- z£ sin ip— + e — [e~ a + (f + z 2 + l)e a ] cos 

*=- i M-4 + ? |s "' +(< '-*' +i) ^ 

OT-system: 

Mi = -1 2/375— , M 2 = -1 2/375 yiT^— 

m = -\ yi dy-2- y2 dy-^ P ° = -\-lTa 

Ni = ~ [ { y 4a - e -r [e ' a + {y2 + l)ea] w. - y ^Wi + V2 h + m ^ } ' 

N 3 = -i {y 3 -^- - Vt e ~ a + ^ + 1 ) e *]^- " 2/3(2/17^- + y 27 ^- + y 37 ^-) }> , 
I da 2 dy 3 dyi dy 2 dy 3 

C-system: 

■( ■ 9 „ ^ 

Mi = — 1 — sin w— — cot cos (£7— 
\ off dip 

( d d\ d d 

M 2 = -i [cosp- - cot0 sin <p— j, M 3 = -i— , P = -i^, 

( d d 

P\ = — i I — sinh 6 sin cos 037- — h tanh a cosh 6 sin cos 09— 
\ oa 00 

d . sin if d 

- coth a smn cos 6* cos 92777: + coth a sinh 0- 



50 sin 6* 

— sinh 6 sin 9 sin 93— — h tanh a cosh 6 sin 9 sin 

aa 00 

• it /1 ■ ^ 1 ■ , r cos V 9 "9 
— coth a smn cos # sm ^777: — coth a smn 0- 



50 sin0 dip 

d d d\ 

P3 = — i ( — sinh b cos 0— — h tanh a cosh 6 cos 9— + coth a sinh b sin 0— , 

oa ob 09 J 
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( d d 

N\ = — i cosh b sin 8 cos tp— tanh a sinh b sin 8 cos 

\ da db 

. , , „ (9 , , , sin ip d 

+ coth a cosh o cos 8 cos ^ttt; — coth a cosh o- 



90 sin 8 dtp J 

( d d 

N2 = — i cosh b sin sin w— tanh a sinh 6 sin 9 sin 09— 

\ da ob 

1 1 ■ /1 ■ ^ 1 1 r COS V 3 ^ 

+ coth a cosh cos 9 sin V'ttt; + coth a cosh 0- 



50 sin dip J 

( d d d\ 

N3 = — i cosh b cos 0— tanh a sinh 6 cos — coth a cosh 6 sin 9— . 

\ da db d9 ) 

S-ff-system: 

/ d d 

Mi = — i sinh b sin tp cos <£— tanh a cosh b sin 93 cos <3? — 

\ da db 

. cos</?cos<£ d d \ 

— tanh a — — — coth a smn o sin w sm $— , 

sinh b dip a<P ) 

( d d 

M2 = — i ( — sinh b cos ip cos — h tanh a cosh 6 cos tp cos $777 
\ da db 

, sin w cos $ 3 . 9 \ 

— tanh a — — — — h coth a sinh cos sin <P— — , 

smn b dip a<P / 

■ 9 r, ■ d 

/ . . d d 

P\ = — i sinh 6 cos 02 sin tanh a cosh 6 cos tp sin $7— 

\ oa db 

sin 03 sin $ d , . d \ 

+ tanh a — — — — h coth a smn cos ip cos <±> 7— , 

sinh b dtp d® ) 

( d d 

P2 = — i sinh b sin tp sin — tanh a cosh b sin w sin — 

\ aa db 

cos sin <E> d d \ 

— tanh a ; — 7: h coth a smn b sm w cos <P 7— , 

sinh b dtp a<P / 

( d d\ ( . d d 

N\ = — i cos tp— — coth 6 sin tp-^— , ./V2 = — i sin tp— + coth 6 cos v?t— 
\ db dtp J \ do dtp 



( d d d\ 

-i I cosh 6 cos $ — tanh a sinh 6 cos $ — coth a cosh 6 sin $ 7— , 

\ aa db d& ) 



1 , a a a 

Po = — i cosh6sin<I>— tanh a sinh 6 sin — h coth a cosh b cos $ — 

\ aa ao a<l> 

Below the corresponding expressions for the infinitesimal generators Ei, i = 1,2,3, in O-, 
OC- and OT-systems will be used. They have the form 
O-system: 

_, ( . n d 1 . 3 lsinw 3 
Ei = — 1 sm 9 cos </?— H — cos cos tp— 



dr r d9 r sin 9 dtp J ' 

(9 1 d 1 cos 93 a 

£2 = — i I sin 9 sin 93— — | — cos 6 sin 93— H — 



dr r d9 r sin 8 dtp 

d 1 . a 
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OC-system: 



d sin ip d 
^ 1 = - 1(C ° S ^-^^ 



d cos ip d 
E? = — 1 smtp— + 



OT-system: 

E -if— 
1 \dyi 



3£ £ dtp 







Ez = -ij-. 

oz 



5 Invariant operators on hyperboloid and their eigenfunctions 
5.1 Introduction 

For each coordinate system on the hyperboloid H+ we shall find basis functions of the space 
L 2 (H^_). They are constructed as common eigenfunctions of a full collection of commuting self- 
adjoint operators. Casimir operators of the group SOo(l,4) and of its subgroups are included 
into these collections. We shall see that the coordinate systems, considered above, are determined 
by the corresponding chains of subgroups of the group SOo(l,4). 
As we have seen, the Casimir operators 

F = (Pq + N 2 ) - (P 2 + M 2 ), (5.1) 
W = (M • P) 2 - (P M - P x N) 2 - (M • N) 2 (5.2) 

are independent invariants of the Lie algebra so(l,4). The second operator vanishes on the 
space L 2 (H+). We include the operator F into full collections of commuting self-adjoint opera- 
tors. 

The quasi-regular representation (|2.11j) is reducible. Since it is unitary, it decomposes into 
a direct integral of irreducible unitary representations [24J. Since Hi = SOq(1,4)/SO(A) 
and 50(4) is a compact subgroup, this decomposition can be obtained from the Fourier trans- 
form and the Plancherel formula for the regular representation of the group S0q(1,4) [36J. The 
result of the decomposition of the quasi-regular representation tt of 50o(l,4) on L 2 (H^_) is the 
following. The representation tt on the space L 2 (H^_) decomposes into the direct integral of the 
principal unitary representations ir a , a = \p — |, ^ p < oo, and each of these irreducible 
representations is contained in the decomposition only once. 

The spectrum of the Casimir operator F on L 2 (H+) is determined by this decomposition, 
since on the representations tt^ , a = ip — |, ^ p < oo, this operator is multiple to the unit 
operator. 

Since on the representation ir a the operator F takes the value — a (a + 3), its spectrum on 
L 2 {Hi_) consists of the points 

-(ip-3/2)(ip + 3/2) = p 2 + 9/4, sC p < oo. 

The operator — F on L 2 (H^_) coincides with the Laplace operator A(iJf) in the corresponding 
coordinate system (see [37]). 

If we have a collection of commuting self-adjoint operators for each of coordinate systems 
(|4.1h - (|4.7p . we can find their common eigenfunctions, which constitute a basis of the space 
L 2 (H^). It is not a basis in the usual sense. It is rather a "continuous" basis (corresponding to 
continuous spectra of commuting operators). A strict mathematical meaning to such bases can 
done by using the results of [38]. Eigenfunctions of collections of self-adjoint operators will be 
found by means of the corresponding differential equations [9]. 

A differential form of commuting operators, which are contained in a collection, is found by 
means of differential form of the infinitesimal operators calculated above. 
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5.2 ii-system 

The operator A(iJi) = —F in the coordinates a, b, 9, ip has the form 



. , j- j- a \ 1 8 , o <9 1 
A #j = — -3-— cosh 3 o— + — -2 — — — 
cosh' 3 a 8a 8a coslr a smlr b 



m smh b db 



1 / 8 8 Id 2 
+ ~. — 7i ™ smfl— + 



sin 9 \89 89 sin 9 dip' 



(5.3) 



The operators 



N 2 - M 2 = Nl + iV 2 + iVf - Ml - Ml - Ml 



1 / d . , 2 , d 1 d . n d 1 a 2 

— smh b— + — — sin^- + -_ — - , (5.4) 



sinh 2 6V^ db sin 9 89 89 sin 2 dip 2 

\ sin 6* at* 89 sm z 9 8 tp z J 8tp 

commute with the operator A(H+). 

The operators A(iTi), N 2 — M 2 , M 2 , Mj are quadratic Casimir operators for the groups 
SO (l,4), 5O (l,3), 50(3) and 50(2), respectively. 

Let us find spectra and common eigenfunctions of self-adjoint operators A(iTi), N 2 — M 2 , M 2 
and M| on the space L 2 (H+). (If the operators (15. 3D and ()5.4p are considered as a product of the 
infinitesimal operators of the quasi-regular representation tt, then they are symmetric operators 
and have self-adjoint extensions. If we speak about self-adjoint operators (|5.3p and (|5.4p . then 
we understand that they are these self-adjoint extensions. This remark concerns also to other 
collections of operators considered below.) 

The spectrum of the operator A(H+) is described above. Let us discuss the spectrum of 
the operator — (N 2 — M 2 ). Its form coincides with the Laplace operator A(if 3 ) on the space 
L 2 (H+) in the spherical coordinate system on where is the upper sheet of the two-sheeted 
hyperboloid in 4-dimensional Minkowski space, that is, = 500(1, 3) /SO (3). However, we 
have to consider as a subset of H+. Let us take the hyperbolic coordinate system H 
on H+. The operator N 2 — M 2 does not depend on the coordinate a. At each fixed a a point 
(xq, x\, X2, £3, £4 = sinha) G H\ runs over the upper sheet of two-sheeted hyperboloid Xq — 
X-^ 3C<2 = cosh a in the 4-dimensional space of points (xq, x±, X2, £3, xa). The coordinate a 
runs over the real line R. It is evident that there are identical 3-dimensional hyperboloids 
x "o ~ x \ ~ x 2 ~ x \ = cosh 2 a with different values of the coordinate X4: X4 = sinha and X4 = 
— sinha corresponding to the points a and —a respectively. 

The above reasoning shows that the operator M 2 — N 2 leads to two Laplace operators A(H+) 
on L 2 {H^ r ). One of them corresponds to the value a S (— 00, 0) and the other to the value 
a 6 (0, 00). 

Thus, in order to find a whole spectrum of eigenvalues and the corresponding eigenfunctions 
of the operators (I5,3p - (l5,5p it is necessary to solve two systems of equations 

A(Hl)& pulm (a,b,0,p) = -(p 2 + 9 /A)$ e pi/lm (a,b,6,<p), 
^(H%W pv lm{a, b, 9, p) = -{u 2 + lW pulm (a, b, 9, p), 

M 2 ^ vlm ( ai b,9,p)=l(l + lW pulm (a,b,9,p), (5.6) 
M ^puim(.a, b, 9, p) = m<& £ pvlm {a, b, 9, ip). 



One system corresponds to e = + and the other to e = — 
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We try to find solutions of the system (|5.6p in the form of products of functions of each 
variables a, b, 6, <p: 

%vlm( a A6,<P) = (a,b,6,tp | p,u,l,m} 6 = (a | p, v) £ {b \ v,l){6 \ l,m)(<p \ m). (5.7) 

According to (|5.3p - (|5.5p the functions (a | p,v) e , {b \ (0 \ l,m) and (<p \ m) satisfy the 

equations 

d 2 3 d u 2 + 1 2 9\ . , . 

+ ^T-7^ ^2~+P +7 )(o-\P,v) £ = 0, (5.8) 



da 2 coth a da cosh 2 a 4 y 

1 5 TJlP 1 \ 

iM« Sm ^-rf9 +,(, + 1) j (, ' |, '" l)=0 ' (5 ' 10) 

a \ 

i— h m ) (ip | m) = 0. (5-11) 

dp y 

The equations (|5.9p - (l5.1ip give a system of equations for eigenvalues and eigenfunctions for the 
collection of self-adjoint operators on the space L 2 (H^_). A solution of this problem is given 
in [9]. Therefore, solutions of the system of equations (I5.8p - (l5.1ip are the functions 

(a | p,v) e = (cosha) _3 / 2 P~ 1 ^ 2+i;/ (etanha), e = ±, < p < oo, 

(b \i/,l) = (sinh by 1/2 P~l /2 ~ l iu (cosh 6), < v < oo, 

(6 | l,m) = Pr i {cos9), (<p\m) = e imv , 1 = 0,1,2,..., -l^m^l, 

where Pu(z) are associated Legendre functions and Pj m (cos0) are associated Legendre functions 
on the cut. Thus, the functions 



(a, b,0,tp\ p, v, I, m) e = (cosh a) 3 ' 2 (sinh6) 1 ^ 2 P_ 1 ^ 2+i;/ (etanha) 

x P:l/2+U cosh b)Pr (cos e)e im *, (5.12) 
e = ±, O^p, i/<oo, Z = 0,1,2,..., —l^m^l, 

constitute a basis (not normed) of the space L 2 (H+) in the incoordinate system. This basis 
corresponds to the chain of subgroups 

5O (l,4) D 500(1,3) D 50(3) D 50(2). 



Remark. The operators (|5.3p - (|5.5|) do not constitute a full collection of commuting self-adjoint 
operators in the space L 2 (H^_). For obtaining a full collection of such operators we have to 
add to the collection (|5.3p - (|5.5p an operator, which separates eigenfunctions with different 
values of e. However, we have found the whole system of eigenfunctions without use of this 
operator. Collections of self-adjoint operators, considered below for other coordinate systems, 
will constitute a full collections of self-adjoint operators. 



5.3 O-system 

In this coordinate system, the Laplace operator is of the form 



Eigenfunction Expansions of Functions Describing Systems with Symmetries 



17 



If we introduce the variable b = e a , then A(iJf) can be written in the form 



d 2 2d 1 / d 2 B Id 2 

+ —FT + COt — 



dr 2 r dr r 2 \d0 2 89 sin 2 dtp 1 



(5.13) 



The operators 



d 2 2 d 1 / d 2 d 1 d 2 \ 

-S" S A(R») = w + - s + ? (jp + co, 0- + j , (5.14) 

commute with the operator (|5. 13j) . The operators E 2 , M 2 and M 2 are Casimir operators for 
the subgroups 150(3), 50(3) and 50(2), respectively. Therefore, a basis of the space L 2 (H+) 
in the O-coordinate system, which will be found below, corresponds to the chain of subgroups 

5O (l,4) D 750(3) D 50(3) D 50(2). (5.16) 

The operator A(M 3 ) coincides with the 3-dimensional Laplace operator on the Euclidean 
space M 3 in the spherical coordinate system. The space M 3 is obtained from H+ by cutting this 
hyperboloid by the hyperplane e~ a = const. At each fixed a, functions f(a,r,9,ip) of L 2 (H^_) 
lead to functions of L 2 (R 3 ). This means that the space L 2 (H+) is a direct integral over values 
of a of the spaces L 2 (]R 3 ) = L 2 (M 3 ). Eigenfunctions and eigenvalues of the operator A(IR 3 ) on 
the space L 2 (]R 3 ) are known. Since R 3 = ISO(3)/SO(3), they can be obtained, for example, 
from the Fourier transform and Plancherel formula for the regular representation of the group 
750(3). 

The system of differential equations for eigenfunctions and eigenvalues of the operators 
(|5.13p - (|5.15p in the O-coordinate system is of the form 

A(2Zt)*£(&, r, 0, <p) = -(p 2 + 9/4)*£(6, r, 0, p), 
A(IR 3 X(6,r,0,^) = - K 2 cI>^(6,r,e,^), 

M 2 $Z(b, r, 9, <p) = 1(1 + l)d>f« (6, r, 0, <p), (5.17) 
M 3 $% l (b,r,6,<p)=m*Z(b,r,0,<p)- 
We try to find solutions in the form of separated variables: 

$ fm( & > r >0>¥>) - ( b i r iQi<P I P,K,l,m) = (b | p,K)(r | K,l)(9 \ l,m)(tp \ m). 
For these solutions the system (|5.17p take the form 

w - m + H + {b 1 p ' K) = °' °^ p< (5 - 18) 

d 2 2 9 9 Z(Z + 1)\ , , 

+ + « ~ 9 - H«»Q=°> 0^k<oo, (5.19) 
ar z r or r z J 

3 d m 2 \ 

-^^ sin ^--^- Z ( / + 1 ) )(0\lM=0, / = 0,1,2,..., (5.20) 
sin 00 O0 sin J 

d \ 

i— +m) (ip\m) = 0, -l^m^l. (5.21) 
Of J 

The functions 

(b \p,K) = (Kbf/ 2 K ip ( K b), (r | K> I) = {nr)- 1 ' 2 J l+1/2 ( K r), 
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(0 | l,m) = Pi m (cos9), (<p\m) = e imip , 

are solutions of the equations (|5,18p ~ (|5.2ip . where K- lp {Kb) is the Macdonald function and 
Ji+i/2( Kr ) is the Bessel function. 
Thus, the functions 

{b,r,0,<p | p,K,l,m) = (Kbf /2 {Kr)- l / 2 K ip {Kb) J^^k^P^ {cos 6) e imv , (5.22) 
^ p, k < oo, 1 = 0,1,2,..., -I < m < 6 = e" a , 

constitute a basis of the space L 2 (77+) in the O-system of coordinates. 
5.4 OC-system 

In the OC-coordinate system, the Laplace operator is of the form 

A <^> - ^ ~ »£ + 62 {* + j| + + a?) ' (5 ' 23) 

The operators 

+ (5.24) 

E 3 = ~i-Q- z , M 3 = (5.25) 

8»_^ + iS -A(tf)-(* + i| + ^) (5.26) 

commute with the operator (|5.23p . The operator A(M 3 ) is the Laplace operator on the space M 3 
in the cylindric coordinates. The operators E 2 and E 2 are Casimir operators of the group 
750(2) (g> Tj_, and the operators and M| are Casimir operators of 50(2) (g> T±. Eigenvalues 
of the operators (T5T241) (f5726|) in L 2 (H\) are 

v(E 2 ) = k 2 , u(E 3 ) = q, u(M 3 )=m, u(E 2 )= V 2 , 

9 9 9 

k = q + rj , -co < g < oo, ^ rj < oo, m = 0, ±1, ±2, .... 
We have the following system of differential equations for eigenfunctions: 
A(HX)^(b^,z,<p) = -( P 2 + 9/4)^ m (b^,z,ip), ^ p < oo, 

A(R 2 )^ nq (b,tz,ip) = -if^ p n m (b,C,z^), 0<r?<oo, (5.27) 

M 3 <&™ ? (6,£,^) =m*% iq (b,Z i z,<p), m = 0,±l,±2,.... 
Solutions of this system can be represented in the form of separated variables: 

$mq(b,£,z,v) = (b,£,z,tp | p,r),q,m) = (b \ p,k}(£ \ r],m)(z \q)(ip\m), 
where k 2 = rf + q 2 . After separation of variables the system (|5.27|) takes the form 

d 2 2 d p 2 + 9/4 ,\ „ . , 

d 2 1 9 m 2 ,\ , 
Q£2+-^--£T + V 2 )(a\v,™)=0, (5.29) 
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( { §z + q )( q \ z } = °> V^p + ™) (H ™> = 0. (5.30) 

Solutions of these equations are of the form 

(b \p,K) = {Kb) 3/2 K ip ( K b), (£ \rj,m) = J m (vO, rj 2 = k 2 - q 2 , 
(z\q)=e iqz , (Hm)=e i T 

Therefore, the functions 

{b,£,z,<p\ p,V,q,m) = (Kbf 2 K ip (Kb)J m ( V Oe iqz e im ^, (5.31) 

9 9 9 

r) = k — q , ^ /9, r) < oo, -co < q < oo, m = 0, ±1, ±2, . . . , 

constitute a basis of the space L 2 (H^) in the OC-coordinate system. This basis corresponds to 
the chain of subgroups 

SO (l, 4) D ISO(3) D ISO{2) ® Tj_ D 50(2) g) T ± . 

5.5 OT-system 

In this coordinate system 

a2 fl / q2 a2 q2 

r4 n _ u2 n u° , 1,2 / 01 C C 



A W ) = ^-2^ +6 ^^ + M + ^|, (5.32, 



The operators 



r\2 o2 ^2 \ i3 

( — + — + —)> E j = -^ 3 = 1,2,3, (5.33) 



commute with A(iJ^). The operator A(M 3 ) is an invariant for the group ISO(3). It is 
the Laplace operator on the 3-dimensional Euclidean space in the homogeneous coordina- 
tes j/i, U2, U3- The LSO(3) is a motion group of this Euclidean space. Eigenvalues of the 
operators (15.33H are 

2 , ,/ tp \ ^ ,. n ,^ ^ r^r, i^2 i ,J1 i ,^2 ,J1 



u(E ) = K , ^(Ej) = Kj, —OO < Kj < OO, ^ K < OO, k\ + K 2 + K 3 



The spectrum of the collection of operators (|5.32|) and (|5.33|) is simple. We represent eigen- 
functions (6, y | p, ft), ft = (ki, K2, K3), y = (yi,y2,y3,), of this collection of operators in the 
form 

(6,y I p,k) = (b I p,K)(y \ k), k = \k\. 
For {b I p, k) and (y | ft) we have the equations 

92 2 9 + l±^-A { b\p, K )=0, (i^ + n) { y\ K ) = 0. (5.34) 



db 2 bdb b 2 J 1 " ' / > ^ 5y 

Solutions of these equations are 

(6 I p, k) = ( K 6) 3 / 2 K ip ( K 6), (y I k) = e^, b 
where fty = Kiyi + K22/2 + K 3j/3- Therefore, the functions 

(b, y\p,K) = {Kbf/ 2 K ip (Kb)e 1 ^, b = e~ a , (5.35) 

K 2 = K 2 + k\ + K 2 , ^ p, K < OO, —OO < Kj < OO, 

constitute a basis of the space L 2 (H+) in the OT-coordinate system. 



20 



I. Kachuryk and A. Klimyk 



5.6 C-system 

In this coordinate system the Laplace operator on Hi is of the form 

A ,rr<U 1 d , • ,2 9 Id 2 

A{n + ) = : — 2 — ^- cosh a sinn a— — h 



cosh a sinh 2 a da da cosh 2 a <% 2 

+ sTnh^ V^^" ^ + si^wj • (5 ' 36) 



The operators 



™2 13 - d 19 

M z = — ——sin 



sin9 89 89 sin 2 9 dp 2 ' 
M 3 = -iA P = -i| (5.37) 

commute with A(H+). They are invariants of the subgroups 50(3), SO{2) and SOq(1, 1) of the 
group 50o(l, 1) (8) 50(3). Their eigenvalues are 

i/(M 2 ) = Z(Z + 1), i/(M 3 )=m, K p o)=r, (5.38) 
— oo < r < oo, Z = 0, 1,2, . . . , —l^m^l. 

We try to find eigenfunctions of the operators (|5.36[) and (|5.37p in the form 

(a,b,9,(p | p,T,l,m) = (a \ p, r, Z)(6 \ r){9 \ l,m){ip \ m). (5.39) 

The functions on the right hand side satisfy the equations 

( d 2 9 t 2 1(1 + 1) 1 

\ ttt + (tanha + 2cotha)— + p 2 + - -= 2 ^ (a | p,r,Z) = 0, (5.40) 

[ oo 2 oa 4 cosh a smh a J 



1 5 . „ d 



in 



2 



sin 6— - + 1(1 + 1) U6\l,m) = 0, (5.41) 

sin & cw off sin J 

*Jj; +T )< 6 l r > =0 ' (^+ m ) <<H m > =0- (5-42) 
These equations have solutions 

(a | p, r, I) = tanh' a(cosh a^Vi ( - ~ [p ±f + 3/2 , ^fr-^ 3 / 2 ; Z + | tanh 2 a 

(0 | l,m) =P[ n {cos9), (b\r)=e iTb , ( V |m) = e im ^ 

where 2 -Pi is a Gauss hypergeometric function. Thus, the functions 

(a, b,9,ip I p,T,l,m) = tanh z a(cosh a) ip ~ 3 / 2 

Z - ip + ir + 3/2 Z - ip - ir + 3/2 _ , , 3 _ ^ 2 \ m >& im*, 



x 2F1 r ' 2 r 2 ' / ;Z+-; tanh 2 aj P^cos 9)e 1TO e im ^, (5.43) 

^ p < 00, —00 < r < 00, Z = 0, 1,2, . . . , — Z ^ to ^ Z, 

constitute a basis of the space L 2 (H\) in the O-coordinate system. This basis corresponds to 
the chain of subgroups 

5O (l, 4) D 5O (l, 1) ® 50(3) D 50(2). 
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5.7 Sii-system 

In this coordinate system the Laplace operator on is of the form 

, . 7-7-4 \ 1 d , o . , d Id 2 

A(H + ) = g : — cosn asmna— — h 



cosh 2 a sinh a da da sinh 2 a d$ 2 

ltd 2 , , d Id 2 



+ (w + cothb db + -^iw) ■ (5 ' 44) 



The operators 



M 2 - N 2 - N 2 = A(Hi) = £r + coth bi- + 



db 2 db sinh 2 b dcp 2 ' 

M 3 - ft = -1± (5-45) 

commute with the operator A(iJf). They are invariants of the subgroups 50o(l,2), 50(2) 
and 50'(2) of the group 5O (l,2) ® 50'(2), where SO' {2) - 50(2). The subgroup 50'(2) 
is generated by the generator P3. The operator A(H+) is the Laplace operator on H+ = 
50o(l, 2)/50(2) in the spherical coordinates. Eigenvalues of the above operators are 

is(A(Hl)) = -(p 2 + 9/4), v(A{H 2 + )) = -{uj 2 + 1/4), u(M 3 ) = m, u(P 3 )=m', 
^ p < 00, ^ uj < 00, m, m! = 0, ±1, ±2, . . . . 

We represent solutions of the system of equations (15.44h and (I5.45P in the form 

(a,b,$,(p I p,uj,m' ,m) = (a \ p,uj)(b \ u,m}{$ \ m')((p \ m). 
Then this separation of variables leads to the equations 

{ d 2 d uj 2 + 1/4 to' 2 9l 

<^ — + (2tanha + cotha)- -=— + p 2 + - (a | p,u,m') = 0, (5.46) 

[ da 1 da costr a sinh z a 4 J 

(9 2 ?72 2 \ 

— 2 +coth6— - , m 2) +C7 2 + 1/4 J {b I oj,m) = 0, (5.47) 



, db 2 db sinh 2 6 

+ m ') ^ ' = °' i^~d~p + m ) (<H m ) = °- ( 5 - 48 ) 

Solutions of these equations are the functions 

{a I p,u,mf) = (tanha) m '(cosha)^- 3 / 2 

,_, / m' — ip + iw + 1 m' — ip — ioj + 1 , , 9 

X 1 1 2 ' 2 ' + * ° 

(b\u,m) = P i ™_ 1/2 (coshb), (f |m') = e im '*, (v? | m) = e im ^. 
Thus, the functions 

(a,b,$,<p\ p,uj,m',m) = (t&nha) m \cosha) ip - 3/2 P™_ l/2 (coshb)e im '*e im,fi (5.49) 

_ / m' — in + ia; + 1 m' — ip — ia; + 1 , _ . 9 
x 2^1 ( ^ , ^ ; m' + l; tanh 2 a 

^ p, cj < 00, m, m' = 0, ±1, ±2, . . . , 

constitute a basis of the space L 2 {H+) in the 5-ff-coordinate system. This basis corresponds to 
the chain of subgroups 

5O (l, 4) d 5O (l, 2) <g) 50'(2) D 50(2). 
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5.8 S-system 

The problem of finding basis functions of the Hilbert space L 2 (H^_) in the spherical coordinates 
is solved in [25] (see also [3]). The Laplace operator in this coordinate system has the form 

A(tf 4 )= * ^sinh 3 a^ 
smlr a da da 

i / d . 2 . d i a . n a i d 2 \ , r rn . 

sur (3 \8/3 8/3 sin 9 86 89 sin 2 9 dip 2 J 
The following operators commute with Al(H+): 

J 2 = M 2 + P 2 = -A(5 3 ) 

1 ( 9 ■ 2 o d 18.8 1 8 2 \ , c C1 , 

— sin (3— + — -— smg— + - — , (5.51) 



sin 2 /?^ 00 sin(9d6> d# sm 2 9 dip 2 J ' 

\sm 9 89 89 sm z 9 dip 2 J dip 

They are invariants of the groups 50(4), 5*0(3) and 5*0(2), respectively. The operator A(5 3 ) 
in (|5.5ip is the Laplace operator on the sphere 5 3 in the 3-dimensional Euclidean space. Eigen- 
values u{I) of the operators (|5.50j) — (|5.52j) are 

v{A(H\)) = -{p 2 + V/A), u(3 2 )=j(j + 2), u(M 2 ) = 1(1 + I), u(M 3 ) = m, 
^ p < oo, j = 0,1,2,..., O^/^j, -l^m^l, 

and the spectrum of this collection of operators is simple. Eigenfunctions of the collection 
(i530D - (l532l) are 



(a,(3,9,ip\p,j,l,m) = sinh^asin -1 / 2 (cosh aJP.^ 1 / 2 (cos /3)i^ m (cos 0)e imv . (5.53) 

They form a basis of the space L 2 (H^_) in the 5-coordinate system. This basis corresponds to 
the chain of subgroups 

5O (l,4) D 50(4) D 50(3) D 50(2). 



6 The method of orispherical transforms 

Now we consider another problem - expansion of functions ip(x) £ L 2 (H^_) in eigenfunctions 
of a full collection of self-adjoint operators. Derivation of the inverse formulas will allow us to 
represent these eigenfunctions in a normed form. Since functions tp( x ) are determined on the 
hyperboloid iTi, then for construction of expansion we can use the method of orispheres, which 
was worked out by Gel'fand and Graev on the base of integral geometry [24] . This method 
allows us to go from studying functions ip(x) on H\ to studying corresponding functions h(k) 
on the upper sheet O 4 . of the cone O 4 . Consideration of functions on the cone is convenient, 
since we can expand them in functions ^f(k,a) homogeneous in the set of the homogeneous 
coordinates k = (ko, k±, fo, k%, k^). Under shifts ip(x) — > ip(g~ l x), g £ 50o(l,4), the functions 
ty(k,a) transform under irreducible representations ix a of the group 50o(l,4). Let us give an 
information on the method of orispheres [241 125| . 

An orisphere of the hyperboloid H\ is a cut of Ht\ by the plane 

[x, k] = Xoko — X\k\ — — ^3^3 — ^4^4 = 1, 
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where k is a fixed point of the cone given by the equation 

[k, k] = k^kf) — k\k\ — A^A^ — — k\k A = 0, ko > 0. 

Thus, an orisphere on is given by a point k G C\. Then the set of orispheres can be 
considered as the set of all points of C\. 

According to the method of orispheres, to each finite function ijj(x) on there corresponds 
a function h(uj), determined on the set of orispheres u> of H+. This correspondence is given by 
the GeFfand-Graev formula 

h{uj) = I dujtp(x), (6.1) 

J UJ 

where the integral of the function ip(x) on the orisphere oj : k] = 1 is defined by the formula 

duj^{x)= —ij){x)8([x,k}-l). (6.2) 
Jh\ xq 

Here d 4 x/xo = dx\dx2dx^dx^j 'xq is an invariant (with respect to SOo(l,4)) measure on H^_. 
Under shifts of points x and k by an element g £ SOo(l,4) the bilinear form [x,k] and the 
measure d A x/xQ are conserved. For this reason, the measure dw, determined by formula (|6.2|) . 
is conserved under shifts to — > gu>. This means that 

dujip(gx)= dw g ip(x), gG5O (l,4), 

Jguj 

where duj g is a measure on the orisphere gto. In particular, if a shift g leaves an orisphere to 
invariant, then 



/ doo ip(gx) = / dujip(x). 

J Ul J UJ 



Since there exists a one-to-one correspondence between points of the set of orispheres u of Hs_ 
and points k G C+, the functions h(oj) can be considered as functions on C^_. Instead of h(uj) 
we shall write h{k). Then according to (|6.ip and f|6.2[) we have 

h(k)= [ —Mx)6([x,k]-1). (6.3) 

This transform, turning a function ip( x ) into a function h(k), is called Gel'fand-Graev integral 
transform. 

It is proved in [39] that if ip(x) is infinitely differentiable finite function on H^_, then the 
function h(k) on C\. is infinitely differentiable, finite, and vanishes inside of some neighborhood 
of the point k = of the cone C\ . 

The inverse formula for the integral transform (|6.3|) is of the form [39] 



where d 4 k/ko = dk\dk2dk^dkt±lk§ is an invariant (with respect to 5'Oo(l,4)) measure on the 
cone C\. Here the integral is understood in the sense of a value, regularized by analytic conti- 
nuation in a power: 

/ ^h(k)([x,k]-i)- 4 = [ ^h(k)([x,k]-iy\ T ^_ A . 

Jci k o Jci k o 
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We wish to know a form of the operator n(g) of the quasi-regular representation (|2.1ip of 
SOo(l, 4) (restricted onto the space of infinitely differentiable finite functions on H^_) under the 
transform (|6.3|) . It is easy to see that this transform turns the function 7r(g)ip(x) = tp(g~ 1 x) 
on into the function h g (k) = h(g~ l k) on C+. Therefore, to the shift operators ir(g) on Hs_ 
there corresponds shift operators 7t(g) on the space of functions h(k) on C\: 

K{g)h{k)=h{g- l k), 0€SO O (M). 

This equality determines the quasi-regular representation of SOq(1,4) on the space of infinitely 
differentiable functions h(k) on the cone C+, satisfying an additional symmetry condition [39]. 

A function h(k) on can be expanded in functions on the cone C\_ homogeneous in coor- 
dinates k = (ko, k\,k2, kz-, k±): 

/•oo 

9(k,<r)= dth{tk)r a ~ l , a G C. (6.5) 
J o 

These functions have homogeneity degrees a: 

*(ofc, a) = a a $>(k, a), a > 0. 
This expansion has the form (see, for example, [25]) 

i /><5+ioo 

h(k) = / dat a V(k,a), (6.6) 

27ri JS-ioo 

where a value 5 is taken in such a way that the function ^(k, a) does not have poles on the strip 
< Re a < 5. 

It is easy to check that to the function h g (k) = jt(g)h(k) = h(g~ 1 k) on the cone there 
corresponds a homogeneous function ^ g (k,a) = ^{g • k,a), a G C, on C+. Thus, to the quasi- 
regular representation tt on the space of functions h{k) on C\ there corresponds a collection of 
representations T°", a G C, and T°" acts on the space of homogeneous functions ^(k,a) on 
by the formula 

T°{g)*(k,v) = Vig^Ka), g G SO (l,4). 

The representation T a is irreducible for all values of a except for the case when a or — a — 3 
is a non-negative integer. Therefore, the representations T a are irreducible components of the 
representation tt or of the representation ir, equivalent to tt. Note that for a = ip — 3/2, p G K, 
the representation T' 7 is unitary. 

The representation T a , a G C, in fact, coincides with the representation tx u considered in 
Section 2. To show this, we note that the representation ir a acts in the space of functions f(g) 
on 50o(l,4) such that 

f(gmnh) = exp(-A(log/i) )/(#), m G M = 50(3), n G TV, /iG^ = expa, 

where A is a linear form on the commutative subalgebra a of the Lie algebra so(l,4), determined 
by the number a (see Section 2). This representation is given by the formula 

^(g )f(g) = f(g l g). 

The product mnh, m G M, n G N, h G A, has the property mnh = hm'n', m' G M, n' G N. 
Thus, the functions /(<?), on which the representation 7r CT is defined, satisfy the condition 



f(ghmn) = exp(-A(log h))f(g), 



m G M, 



n G N, 



he A. 
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This means that the representation ix a can be realized on functions fix) on the space X = 
SO (l,4)/MN, satisfying the condition f(xh) = exp(-A(log h))f(x). Since MN = SO(3) x 
T(3), then X = Ci.. Besides, the latter condition is the condition of homogeneity (of degree a) 
of the function f{x) with respect to the collection of variables ko, k±, &2, k%, k^. This shows 
that the representations T a and 7r CT are equivalent. 

Using the formulas (|6.4p - (|6.6p we can find a connection between the functions ip{x) and 

= r^^cot™ f d„(k')^(k',a)[x,kr a - 3 , (6.7) 

*(£;»=/ ^( X )[ x ,kr, (6.8) 

where — 3<5<1 (this condition for 5 is connected with poles of the function r(<r+3) cot tt<j/T(g)). 
Integration contour T in the formula (16. 7|) is any surface on the cone C\ intersecting once each 
generator of the cone, and dfi(k') is an invariant measure on T determined by means of the 
invariant measure d 4 k/ko on the cone C\ using the equality 

d A k/k = t 2 dtdn(k'), 

where k S C\ and k! E T are connected by k = tk'. 

Below we shall consider cuts of the cone by the surfaces k\ = ±1, ko — &4 = 1, k 2 , — k\ = 1, 
k$ — k\ — k^ = 1, ko = 1. To these choices of T there will correspond expansions of the 
function tp(x) in basis functions in the respective coordinate systems on H+. In order to obtain 
an expansion of tp(x) in basis functions on H+, we use formulas (|6. T[) and ()6.8j) . First we expand 
the functions *&(k' , a) in basis functions on T and then take the corresponding integrals over T. 
Let us consider expansions of ip(x) for each of the cuts, given above. 

7 Expansion of functions on the hyperboloid 

7.1 Expansion in ii-coordinate system 

The cone C\ is determined by the relations 

C_^_ 1 \k>i fe] — — A?q k^ k<2 k^ k^ = 0, /cq ^> 0. 

We consider the cut of C\ by the surfaces k$ = ±1. We obtain the contour T coinciding with 
upper sheets of two hyperboloids 

Hg • ^0 ^1 ^2 ^3 ~~ ^5 ^4 == ^ ^ = zt 1 . 

The motion group of the hyperboloid k$ — k\ — k\ — k\ = 1 is isomorphic to the Lorentz group 
500(1,3) (see [25]). We denote points of this hyperboloid by k! : k' 2 — k' 2 - k' 2 - k' 2 = 1. If 
k± = +1 we have the hyperboloid H^_, and if k± = — 1 then we have the hyperboloid ij£. Thus, 
the contour T consists of two parts: V = T + U r_. 

Expansion of functions given on the 3-dimensional hyperboloid in different coordinate systems 
is derived in [9]. In the spherical coordinate system, corresponding to the reduction SOo(l, 3) D 
SO (3) D SO (2), the expansion is of the form 

^HoE E / drC tm (T) ^ J[J (sinhc)- 1 / 2 p-;- 1 2 /2 (co S hc)y ;m (e ) $), 

1=0 m=-l ^7-ioo V T > 
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Cim(r) 



r(r + i) 



r(r - 1 + 

where >z m (0, is the S"0 (3)-spherical function 



^im(e,$) 



2/ + 1 (Z -m)! 
47T (Z + m)! 



1/2 



P ; m (cos9)e 



and 



/c = coshc, fc^ = sinhcsin9cos<]?, /c 2 = sinh c sin 9 sin k' 3 = sinhccos 0, 

0^c<oo, ^ 9 < vr, 0<$<2vr, dk' = sinh 2 csin 9 dcd® d$. 

Applying this decomposition to the functions a) (with k' £ T + = H+) and a) (with 

k' £ r_ = iT£), substituting this expressions into (|6.7|) and permuting an order of integrals, we 
obtain 



da(a+2)(a+l)a coiner 



-—Y 

x f dk'[x, /€']- CT - 3 (sinh c)- x ' 2 P;lyl 2 (cosh c)Y lm (9,$). 



7+ ioo r(-r + 2) 

7-ioo 1 (-T-/-1) 



(7.2) 



Note that the point x belongs to iJi, and c, 9, $ parametrize points of the hyperboloids H l 
Let us calculate the integrals over the contours T £ in 



J £ aTlm {x) = I dfcqx,fc / ]- CT - 3 (sinhc)- 1/2 P r ^7 / 1 2 /2 (coshc)P i m (cos9)e im *. 



(7.3) 

First we calculate the integrals for the point x° = (cosh a, 0, 0, 0, sinh a) corresponding to the 
hyperbolic rotation <?04(°) G 5*00(1,4), and then, by means of transformations of the subgroup 
50o(l, 3), we go from x° to x. For x° we have 

/oo 
(i(cosh c) (cosh a cosh c — e sinh a) ~°"~ 3 sinh 1 / 2 c x P T+ y 2 ( cos h c ) j 

where J^ T (a) = J| r00 (£ ). We calculate the integral 

/oo 
dy (y 2 - l^P^Y/aMfo + ^)- CT - 3 , « = -etanha. 

For this we substitute into (|7.4|) the expression 



(7.4) 



3-1/2 
r+1/2 



(v) 



( y 2_l)-l/4 «, 



7T 



dt{y-tr^P T+l/2 {t) 



(see formula 3.7(29) in 00]) for P T +l%(y): 



dy / d*(i> + u)-*- 3 (y - ty 1/2 P T+1/2 (t). 



J aT {u) = 

The following integral representation holds for the function P r +i/2(*) : 

2-T-1/2 /■ _ -Qr+1/2 



P. 



r+1/2 



(*) 



27Ti 7 C (f - t) T + 3 / 2 ' 
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where the contour C is a closed curve in the plane of complex variable t', containing inside the 
points 1 and t; integration is in the counter-clockwise direction. Therefore, 

O— T— 3/2 roo ry p 

J ^) = —^T J dy{y + u)~^ J dt(y - t)' 1 / 2 J dt'(t' 2 - iy+V 2 (t' - t)^/ 2 . 
Making some transformations (see [T7]) we reduce this expression for J aT (u) to the form 

poo ry (J2 _ 1 \r+l/2 

J aT {u) = X dy dt' 



{y-t'Y+ l {y + uY+' i 

/oo roo 
dt' (t 2 - iy +l ' 2 J i dy (y - t'r T ~ l (y + n)— 3 , 

where A = 2~ T - 1 / 2 cosvrr T(-t - 1/2)/ttT(-t). Using the formula 3.196(2) from |40j, we get 



F(a + 3) J 1 {t' + u)°+ T + 3 ' 
Since 



oo 



J 1 (t'+u) CT+T + 3 [r(r+3/2)]" lV ; r+1 /2 

then 



where the equality T(— r + l/2)r(r + 1/2) = 7rcos _1 (7rr) was used. Thus, we have 

T e , \ A r(q + r + 3)r(cr - r + 1) 3/2 -0-3/2, . , v 

^r(«) = -4vr r - ^ (cosha) ' P T+1 / 2 (-etanha). 

For any x = x(a, b, 9, ip), where a, b, 9, are the parameters from ([4.2]l . the integral J^ rlm (x) 
is easily calculated as in [9] and we have 

= -(2^ Tia + T ±|g^= ~ + 1} (cosha)-^(sinh6)-V2 



x P r+ ° 1/ 2 /2 (-etanha)P r ^ 1/ 1 2 /2 (cosh6)P; m (cos^)e 
Thus, according to the formula (|7.2[) we get 



imip 



00 ' /-(5+ioo 



cot ira 



/•7+ioo 

/ dr (r+l)rr(<7-T+l)r(a+T+3)y Tlm (6, 0, 

■/ -7— ioo 



7+ioo 
7— ioo 

CL( T ^) P r+i/T (-tanha) + ^(r, ^P^f^anh a)j (cosha)" 3 / 2 , (7.6) 



where 



K im (6, 0, = r( r _ ( r 1 1 (sinhb)-V2p r ^-V 2 (cosh6)y im (g, p). (7.7) 



The functions (|7.7p coincide in a form with the functions from (|7,ip . 
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The formula (|7.6p expresses the functions ij)(x) in terms of the functions C^m( r ' c^ )■ us 
find an expression for CrL(r, cr) in terms of ip(x). Using the expansions (|6.8|) and (|7.1|) we have 

r<e I \ r ( T + !) f d4x if \ 

Ci m {T,<y) = — — — - / — i/j(x) 

t(t -i + 1) j H * x 

x f dk'[x, k' ] CT (sinhc)- 1 / 2 P^: 1 3 / / 2(coshc)^ m (e, $). 
Integration over A/ is fulfilled in the same way as in the case of the integral (|7.3p . We obtain 
Cf m (T,a) = (2^) 3 / 2 r(T+1 J r( 7" T " 2)r(r " (j) / ^^(x)(cosha)- 3 / 2 (sinh6)-^ 



r(r-z+i)r(- ff ) J H ± x 

x f!j!0 2 (-e tanh a)P^:3/ 2 2 (cosh b)Y lm (0,<f>), (7.8) 

where the measure d x/xq in the coordinates a, 6, 0, 99 has the form 

d 4 x/xQ = cosh 3 asinh 2 b sin 6 da dbdO dip. 

For the unitary case when a = \p — 3/2 (that is, 5 = —3/2) and t = '\v — \ (that is 7 = — 1), 
where p and v are real numbers, we receive 

00 ^ />00 /"OO 

.2 



^~ 1 ;»oo roo 

^{x) = jz , 5/2 V V / dp(p 2 + 1/ A) p tanh it p dvv 7 
( 2vr )5/2 ^ y o y Q 

-K, im (M,¥>)(cosh a)" 3 / 2 



Z=0 m=-i 

r(ip + i^ + i/2)r(ip- \v + 1/2) . 
r(i P + 3/2) 

^,p)^ V2 (-tanha) +C," (i/,p)P"lf 1/a (tanha)] , (7.9) 

f„ ^ £Hp - ^ + i/2)r(-ip + + 1/2) 

= (2vr) r(-ip + 3/2) 

x / — V;(x)(cosha)- 3 / 2 PX_ 1/2 (-etanha)Tw(M^), (7.10) 

where 

V ulm (b,B,<p) = J^TTj (sinhb)- 1 / 2 Pri' 1 1 / 2 2 (cosh b)y, m (g, 0). (7.11) 

Here we have taken into account that 

r(r + l)dr = —v(\v— V)dv, cot 7r<7 = — i tanh irp, 
(cr + 2)(<r + l)<rd<7 = -i(p 2 + 1/4) (ip - 3/2)dp, 

/0 />oo 
/ dp«(p)(---) 
-oo J 

'■ oo 



/•oo 

2i / dpp(p 2 + 1/4) tanh 

■/ 



where fJ(p) = (p 2 + l/4)(ip — 3/2) tanh np and (• • • ) is the expression under the sign of the 
integral over p in (|7.9|) . 

The formula (|7.9p is an expansion of the function ip(x) in basis functions (|5,12p . It follows 
from the expansions (|7.9j) — (]7.11|) that the functions (|5.12j) have the following normed form: 

i u o \ |r(ip + ii/ + i/2)r(v-ii/ + i/2)r(ii/)L , ._ 3/2 

$%, lm (a,b,0,<p) = \ \, n ^,. (cosh a) i ' 1 



27r|r(ip + 3/2)r(ii/-Z)| 
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x P i ^ 1/2 (etanha)(sinh6)- 1 / 2 P ii/ i 1 1 / 2 2 (cosh6)^ rn (^ 0). (7.12) 



This functions are normed by the formula 



f d x 

S(p-p') 5{v-v') 



p(p 2 + 1/4) tanh up v 2 
The Plancherel formula for the transforms (|7.9p - (|7.10p is of the form 

oo I 



&ll'$mm' ^ee' ■ 

(7.13) 



f d x i r°° 

/ 4 = 7^14 EE/ d P(p 2 + l/4)/otanhvrp 

■'• H + ^ ' 1=0 m=-l J ° 

/•oo 

x / dw 2 [\C+ m ^p)\ 2 + \C- m (v, P )\ 2 ]. (7.14) 



7.2 Expansion in O-coordinate system 

In this case, the cut of C\_ by the plane ko — k^ = 1 is considered as a contour T. We parametrize 
this contour T = To by the coordinates C, 0, <3?: 

= (l + ( 2 )/2, fei = C sine cos fc 2 = C sinG sin 

4 = Ccos0, k' A = (-l + ( 2 )/2, (7.15) 
Os^C<°°, ^ 6 < vr, $ < 2vr. 

We expand the function ^f(k\ a), considered on this contour To, in the spherical Bessel functions 

/ \ V 2 
ii(«C) = ( 2~7 J J «+l/2«) 

and spherical harmonics Y; m (0,<l?). Then 

oo £ 



^ /"OO 

^(fcV) = E E / dKK 2 ^™^,^)'!'^ (£;'), 

1=0 m=-l ^° 

where ^ K im(k') = J;( K C)^/m(©) The inverse transform is of the form 
2 



(7.16) 



7T 



A Zm («,(r) = - / dk'y(k',a)y Klm (k f ), (7.17) 



To 

where dk! = C, 2 sin G d( d&d&. Now we have 

i °° r5+ioo r((7 + 3) Z" 00 

^) = ^TmE E / da— ——cot ira dKK 2 A lm (K,a) 



:0 m=—l 



x / ^'[x^r""^^!^)- (7-18) 

JVo 

We have to calculate the integral 

1/2 
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Due to orthogonality of the Legendre functions P™(cos 0) and orthogonality of the exponential 
functions expim$, for the point x° = x°(a) = (cosh a, 0, 0, 0, — sinha) we have Jff£(x ) = for 
/ 7^ m, m ^ 0, and 

poo / o \ V 2 

J^(x ) = 7r(2e-T +3 J Q dt( 2 (e- 2a + C)- a - 3 ^) Ji/ a «). 
Setting e~ a = b and using the formula 6.565(4) in [3D], we get 

For arbitrary x we have (see [9j) 

J^(x) = V^J^(x°(a))* Klm (r,0,cp). 

Thus, 

^3/2 00 ' /-<5+ioo cotvrcr f 00 

**> = ^ g m E y f _ loo <* w /„ **.<«. ') 

x K "+" 2 /f„ +3/2 (/c6)* Klm (r,e,^), 6 = e-», (7.19) 

where is such function as in (I7,16h but determined for other variables. 

In order to express Ai m (n,a) in terms of *$>(k',a), we substitute the expression (|6.8p into 
([7T7]) : 

A lm (K,a) = - f — #c) / dk'[x,k>T*Kim{k'). 
Integrating over A/ we obtain 

of 27r \l/2 -<r-3/2 /• j4 

AU/c,(r)= 1 J r , / — 4;(x)bV 2 K a+3/2 ( K b)* Klm (r,9,v), (7.20) 

r(-o-) j H 4 x 

where 

c? x/xo = e 3a r 2 sin (ia dr d9 dip. 

For the unitary case, when a = ip — 3/2, p £ M, 5 = —3/2, the relations (17.19P and (17.2QH 
take the form 

6 3/2 « i foo tanh?rp 



,/ \ & ' [°° i , 2 i as tanh7rp 



x / dKKM /m (K,p)K ip is: ip (K6)^ m (r,0,^), (7.21) 

JO 

A lm ( K ,p)= ) . ; / — ^)& 3/2 i^)W^,¥>)- (7.22) 

r(-ip + 3/2) y H 4 x 

The formula (|7.2ip is an expansion of the function ip(x) in basis elements (|5.22p . The formulas 
(I7.2ip and (|7.22j) show that the functions (I5.22|) in a normed form have the form 

$Z(b,r,e,<p) = \L I 3/2)| K ip (Kb)J l+1/2 (Kr)Y lm (e, y). (7.23) 
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The normalization condition is 

Wm^U = p{p 2 + 1/4)tanh7Tp K 2 S W S mm ,. (7.24) 
The Plancherel formula for the transforms (|7.21j) — ()7.22j) is 

f d 4 x 1 °° ' [°° ( 1 \ f 00 

I |,/;(x)| 2 = — ]T / dp (p 2 +-\ ptanhirp dn K 2 \A lm (K, p)\ 2 . (7.25) 

Jh\ x o { i=q m= _ l Jo \ J Jo 

7.3 Expansion in OC-coordinate system 

We leave in this case the contour To of the previous subsection and introduce on it the coordi- 
nates C, s, $: 

k' Q = (C 2 + s 2 + l)/2, /ci = Ccos$, k' 2 = (sm$, k' 3 = s, 

k' 4 = (C 2 + s 2 - l)/2, Os^C<oo, -00 < s < 00, 0^$<2vr. (7.26) 
We expand the function *&(k' , <r) in basis functions on To, 

*£(*0 = *) = ^MvO^J"*- (7.27) 

This expansion is of the form 

00 ;»oo /-oo 

= Yl / d W / d9A»(r;, g,^)*™^), (7.28) 

m=-oo Jo J -°° 



A m ( V ,q,a)= dk'*(k',a)*™(k>), (7.29) 

J To 

where dk' = Cd(dsd&. Substituting the expression (|7,28p into (|6.7p . we get 

• 00 rS+ioo T((T + 3) Z" 00 Z 100 

^ = 2W „£. A-ioo dCT -fvr cot7R 7 ^Lj^m^) 



x / ^x,^- 3 ^™ (£;'). (7.30) 
Jr 



The integral 



j;T(*)= / dfc'M'r' 7 " 3 ^') 

^r 



for x = x°(a) = (cosh a, 0, 0, 0, — sinh a) and m = takes the form 

poo poo 

•OV)) = (2&) CT+3 / <CJo(r?C) / dse^iC 2 + s 2 + 6 2 ) — 

JO J -00 

where e~ a = b. Using the formula 

£ M1+ ^ = ^(MpV A _ 1/2( l*l), 



by means of the relation 6.596(7) in [30] we get 

= 2(2vr)V2 6 3/2_^!_ K(j+3/2(K6)) 
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where k 2 = rj 2 + q 2 and b = e a . Then 

„<r+3/2 



JT(x) = 2(2vr) 3 / 2 6 3 / 2 ^- T ^A' (7+ 3 /2 (^)^(e,z,v 3 ). 

It follows from (|7T30j) that 

[b 3/2 ~ ,5+ioo CQt , 



ip(x) 



(2vr) 5 / 2 



^ , cot™ [°° , f°° , A , 

> / da / dr/?7 / dqA m (r],q,a) 



m=— oo 

x ^ +3 / 2 K (T+3/2 ( K 6)^(e,z, v3 ), (7.31) 

where k 2 = rj 2 + g 2 , e _a = 6, and ^^(^, z, tp) is such function as in (|7.2T|> but determined for 
other variables. 



We have from (17391) and ^678]) that 
d 4 x 



A m ( V ,q,a)= Mx) dk'[x,kT^ l q (k'). 

Jh% x o Jtq 

Integrating over k 1 we get 

A m (77, g, a) =2(2tt) 3 / 2 — -/ V(x)6 3/2 K CT+3 / 2 (^)^(^ ¥>), (7.32) 

where 

dx^/xo = e 3a da£d£ dzd(p. 

For the unitary case, when a = ip — 3/2 and 5 = —3/2, formulas (|7.3ip and ([7.32|) take the 
form 

1 / b V /z ^ r°° 2 ptanhvrp 



m=-oo J u 



r(i P + 3/2) 

x / d w / dg^^g^)^^^)*^^,^,^), (7.33) 

JO J~oo 

A m (r ] ,q,p) = ^ )3/ y~ 1 " [ ^(x)b 3 / 2 K ip ( K b)^,z,<S>). (7.34) 

r(-ip + 3/2) y H 4 x p /y 

The formula (|7.33p is an expansion of the function ip(x) in basis elements (|5.3ip . The formu- 
las (17.331) and (|7.34p show that the functions (|5.3ip in a normed form have the form 

= ^ J_ * b 3 / 2 K ip (Kb) JnM&Jw. (7.35) 

The normalization condition is 

/*m' v _ Sjp-ff) 5(7] -rf) , 

< W <W - p{p 2 + mtanh7Tp - % - 9 )<W (7.36) 
The Plancherel formula for the transforms (|7.33p - (|7.34p is 

/ -^|^(x)| 2 = —- 1 V / dp(p 2 +l)pt a nhirp d m \ dq\A m (r],q,p)\ 2 . (7.37) 
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7.4 Expansion in OT-coordinate system 

We leave in this case the contour To of two previous subsections and introduce on it the coor- 
dinates xi, X2, X3- 

K = (l + X 2 )/2, k[= X l, k' 2=X 2, k' 3 = X 3, £4 = (-l + x 2 )A 
X 2 = Xi + X2 + xl, -oo < Xi < oo, i = 1,2,3. 

We consider the expansion of the function ^f(k',a) on this contour in functions 
= = (2ir)- 3 ' 2 e iK x k = («i, «2, « 3 ), X = (xi, X2, Xs), 

and have 

y(k',a)= [ dKA(K,a)y K {k'). (7.38) 



The inverse transform is 



A(k,o)= dk'y(k',a)y K (k'), (7.39) 
■/r 

where d/c' = Substituting the expression 117.38 j) into (|6.7p we get 

^0) = t^ti Z - ^' 00 ^ r ^A 3) cotvra / dKA( K ,a) [ dk'[x, k']~ a ^ n(k'). 
We have to calculate the integral 



J^(x)= / dfc'fofc']-' 7 - 3 *,^'). 

JYo 

First we consider the integral 

J Ka {a) = J Ka (x {a)) = (27r)- 3 / 2 (2e-T +3 [ d X {e~ 2a + x 2 )""" 3 ^* 
We use the spherical coordinates. Taking into account that 

r* / 9-rr \ 1 l 2 

J d e s moe^=(-) j 1/2 («x), 

where 8 is an angle between k and X: we have 

POO 

J™(a) = (2e-T +3 K~ 1/2 / ^XX 3/2 (e" 2a + X 2 )"^ 3 Ji/ 2 («x), 

JO 

where k = (k 2 + k 2 , + ft 2 ;) 1 / 2 . Using formula 6.565(4) in [3D], one receives 

J"» = 2K CT+3 / 2 b 3 / 2 r( ^ 1 +3) K fT+3/2 (Kb), 6 = e~ a . 
Since x = x(a,y) is obtained from x°(a) by means of the shift from the subgroup T(3), we get 

Hi) = 2(2^) 3 / 2 6 3 / 2 ^ +3 / 2 f ^^/^ +3/2 ( K 6)* K (y). 
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Thus, we have the following formula for an expansion of the function tjj(x): 

^ x ) = JT^n da ~FTY / d K A(K,a)K"+ 3 / 2 K a+3/2 ( K b)* K (y), (7.40) 

(2tt) 5 / 2 y^.joo r(cr) 7 M 3 



where b = e a . In order to express A(k, cr) in terms of ^>(cc) we substitute the expression (|6.8 
for into (17391) . Then 

A(k,<t) = / —M x ) I dk'[x,kT%JF)- 
Jh\ x o Jtq 

Performing integration in k' over the contour To, we find 

2(2vr) 3 / 2 , _ /■ ^ 



A(fC, a) = &_^ K -a-S/2 f ^ {x)b S/2 K {7A1) 



where 



ci 4 x/xo = e 3a dady = e 3a dadyi dy 2 dy$. 
For the unitary case (when a = ip — 3/2 and 5 = —3/2) one gets 

The formula (|7,42p gives an expansion of the function ^(x) in the basis functions (|5.35p . 
A normed form of these basis functions is 

$^(6, y ) = -L_ — 3—— b 3 / 2 K ip Ub)e iKy . (7.44) 

v ' J7 2vr 2 |T(ip + 3/2)| PK 1 K ' 

The normalization condition is 

($/>'"', $/>") = ^ ~ ^ _ «'). (7.45) 

v ' (p 2 + l/4)ptanh7rp v y v ; 

The Plancherel formula for the transforms (|7.42p - (|7,43p is 

j -^|^)| 2 = f°° d p(p 2 +l) ptanh Trp / ^|A(>c,p)| 2 . (7.46) 
yjf* (2vr) 4 7 4/ 7 M 3 

7.5 Expansion in C-coordinate system 

In this case we take a cut of the cone C\ by the cylinder A: 2 — k\ = 1. This contour is denote 
by Tc- We parametrize this contour by the coordinates c, 0, <E> such that 

/cq = cos1ic, fc^ = sin cos <]?, &2 = sin© sin &3 = cos0, k' 4 = sinhc, 

-oo < c < oo, < 6 < 7T, si $ < 2vr. (7.47) 

We expand the function ^(/c',cj) in the spherical functions Yi m (Q,&) and fulfil the Fourier 
transform in the parameter c. As a result, we get 

*(fc',(r) = 2 ^ / drC lm {T,a)e Wc Y lm {Q^). (7.48) 
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The coefficients C; m (r, a) are given by 

Cim{r,o) = ±- [ dk'V(k',a)e- iTC Y lm (e,<S>), (7.49) 



where dk' = sinQdcdQdQ. Substituting this expression for the coefficients C; m (r, a) into ([fT 
one has 



oo I 



i r +1 °° , r(<7 + 3) [°° , „ , x 

= 2(2^ g £ Loo * "W ^ ^ L ^ Qm(T ' G) 

x / ^'[x,A;']- ff - 3 e irc l; m (e,$). (7.50) 
We have to calculate the integral 

dce iTC / desine/ d$ [x, fc']^ 3 Y im (G, $). (7.51) 

-oo ^0 io 

We do this first for the point x° = (cosh a, 0, 0, sinh a, 0). The problem is reduced to calculation 
of the integral 

/OO f"K 
dce iTC desine(coshacoshc-cosesinha) _ff - 3 fl(cose), (7.52) 
-oo io 

where A = a/ (2/ + 1)tt. Using the relation 

and integrating I times by parts, one gets 

x (cosh a cosh c — cos sinh a) CT 1 3 . 

Decomposing (cosh a cosh c — cos sinh a)" 17- '" 3 into series by using the formula for the Newton 
binomial and performing termwise integration we find 

Trrr , , tt(2Z + l) 1 /22 CT + 2 rM)r(B)tanh i a „ . , 

where 

A= (cr + / + iT + 3)/2, B= (cr + /-ir + 3)/2, L> = I + 3/2. 
For arbitrary value of x we get 



™ = rT+3) l^^T 2i?1 (A ^ ; A tanh2 "^W^- < 7 - 54 > 



Now we obtain the following expansion of the function ip(x): 

• 00 ' />oo ;><5+ioo COt 7T<7 / cy \ cr+3 

= n^/o / / tanh^a / dre lrfe / do —. . I : — I 

( 47r) 5/2 z., ^ y 5 ioo r( fT ) ^shay 
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x c lm ( T , ^) r( rp) g) 2^1 (A 5; A tanh2 ¥>)■ (7-55) 

In order to express the coefficients C; m (r, a) in terms of ip(x), we substitute the expres- 
sion flES} for $(/c',ct) into ([Ti9]) : 

C fa (T )( r)4 f — / &'[x,fcre- iTC W$). (7.56) 
27r Jh\ J Tc 

Integrating in c, G and $ one obtains 

2Y{D')Y{-a) J h a x \coshaJ 



x e~ iTb 2 F 1 (A',B , ;D'; tanh 2 a)Y lm (9,tp), (7.57) 

where 

A' = (I - a + ir)/2, B' = {I - a - ir)/2, D' = D = I + 3/2, 
d 4 x/xo = sinh 3 a sin da d& d# dip. 
For the unitary case (when a = ip — 3/2 and 5 = —3/2) we have 

oo I 



1 ^ 1 PCX) 

/9 ^ ^ tanh' a / dp (p 2 + 1/4)/) tanh 7rp2 ,p (cosh < 

p / ip+ir+Z+3/2 \ p f ip-ir+l+3/2 \ 

^ dre iTb C lm (T,p)- 



2 * \ 2 



r(ip + 3/2)r(z + 3/2) 



,'ip + iT + / + 3/2 ip-ir + Z + 3/2 , 3 l9 
x 2 Fi ( - '—, - I + -; tanh 2 a ) Y lm (9, if), 



and 

p / -ip+ir+l+3/2 \ p / -ip-ir+l+3/2 

— ^(s) tanh' a (cosh a) i "- 3 / 2 e - ir6 iW^l 

/-ip + ir + Z + 3/2 -ip - ir + / + 3/2 , 3 \ 
x 2^1 ( — g ' 2 ' Z + 2 ; tanh G J • (7 ' 59) 

It follows from these formulas that the function ip{x) expands in the basis (|5.43p and the 
normed basis functions are of the form 

p / ip+ir+Z+3/2 \ p / ip-ir+Z+3/2 \ 

< r (a, b, 9, ip) = ^ /V4 7-s —(cosh a)- 3 / 2 - ip tanh' a (7.60) 

« m v , > ,yj 27r T(ip + 3/2)r(/ + 3/2) v ; v ' 

„ /ip + ir + Z + 3/2 ip - ir + Z + 3/2 3 ^ , 2 \ iT , ,„ , 
x 2-Pi ( ^ — ,- ~ 2 ^;/ + -;tanh 2 aj e 1Tb Y lm (9, <p). 

The normalization condition is 

p(p 2 + 1/4) tanh 7rp 
The Plancherel formula holds: 

oo I 



! H 4 Xq 



^ ' — * roo roo 

JT^Y, Yl / ^(P 2 + V4)ptanh^p / dr\C lm {r,pf 
^> 1=0 m =-l J J-oo 
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7.6 Expansion in SiZ-coordinate system 

In this case we take the cut Tsh of C\ by the cylinder k\ + k\ = 1 as the contour T . This 
contour is a product of a circle and the higher sheet of the two-sheeted hyperboloid H\. We 
choose on Tsh the coordinates c, a, f3, where 

fc = coshc, k[ = sinh c cos a, k' 2 = sinhcsina, k 3 = cos /?, &4 = sin/3, 
^ c < oo, ^ a, (3 < 2vr. (7.61) 

Let us perform the Fourier transform of the function ip(k',a) in the parameter (3. One can 
consider coefficients of this expansion as functions on H^_, parametrized by spherical coordinates 
c and a. We expand these coefficients in basis functions on in spherical coordinates (they 
correspond to the reduction S0q(1,2) D SO (2)) using the formulas 

-i 00 re+ioo V( — X) 

0(c,a) = — V / dA A cot ?rA \ / ^ m (A)P^ A _ 1 (coshc)e ima , 
ton^^Je-Ux, T(-A + m) 

B -( A ) = Tv y (A + 1) ^ r dc I W da cPic, a) P^ m (cosh c)e~ ima . 
r(A-m + l) J J 

As a result, the formulas (I6.7I)-(I6.8I) take the form 



1 ^ rS+ico r(CT + 3 ) re+ico p/_ A j 

W^) = T7 — / / ac7 — =-rs. — cot ircr / GtAAcot7rA— — ; 

4(2tt) b m> ^_Js-io, r(a) 7 £ „ ioo r(-A + m) 

xJ3 w (A,a) / d^[x,j^- ff - 3 J^_ 1 (coshc)e ima e itn ^, 

B mm ,{\,o) = ±-S£±V [ tlf dk'[x,krPr^oshc)e- 
2vr r(A + m + 1) 7 H 4 x Aw 



-ima — im'/3 



where d&/ = sinh cdc da d(3. One integrates over Tsh i n the same way as in the previous cases. 
We give a final formula for expansion of the function ip(x) in basis functions related to unitary 
representations (a = ip — |, \ = iuj — ^, ^ p, u; < oo): 



1 OO OO / 2 A 

v ' m'=— oom=— oo u 



ip+3/2 



x / dwwtanhvrw V . y — ^ r ^B m > m (u,p) (7.62) 

Jo rn'W (ip + §J T (-iw + m + |J 



x 



nm / , imw im'S n AjO+iw+m'+l ip-iw+m' + l , 2 A 

P ^L-i/ 2 ( cosh % ^e im ^2^1 ( g , 2 ; m +1; tanh a ) ' 



where 



v^ r (iw + 5) r 



■ 

B m 'm(uJ, p) 



irrup — im'<f» 



2r (-ip + 1) r(m' + i)r fa + m + 5) 

r d A r f 2 \-v+ 3 / 2 
x / — -0(x) — — tanh m 1/2 (cosh 6)e" 

„ / — ip — iuj + m' + 1 iu; — ip + m/ + 1 , 
x 2 fi ^ — , — ; m' + l; tanh 2 a , (7.63) 



38 



I. Kachuryk and A. Klimyk 



and 

d x/xq = sinh 3 a sinh b da db dip d&. 

It follows from these formulas that the function ip(x) expands in the basis (|5.49p and the 
normed basis functions are of the form 



^ puJ fn m (a,b,ip,$) 



r 



ip+iaj+m+1 \ p ( ip— iu+m+1 \ 
2 J 



|r(iw + l/2) 



(2tt) 3 / 2 T(m + l)\T(ip + 3/2)| \T(h) + m + 1/2) | 

x tanh™ a(cosha)- i ^ 3 / 2 e i ( mv+ ™* ) ^_ 1/2 (cosh6) 

^/ip + iu> + m + l ip — iu; + to + 1 , n 

x 2^1 s , s 5 m + 1; tanh 2 a . (7.64) 



The normalization condition is 

/.j. .j. \ _ S(P- P') % ~ r r f 7fic -N 

^ p ™/ " p^ 2 + 1/4) tanh Trpw tanh 7r W ™ m ' mm '' 1 j 

The Plancherel formula for the expansion (|7.62|) - (|7.63|) is of the form 
f d*x 



j4„ 2 /"oc 

2 = J d p(p 2+ l) /'tanhTr/j 



m,m'=— oo 

oo 



do; a; tanh 7ru; | £? mm ' (a; , p) \ 



2 



7.7 Expansion in S-coordinate system 

In this case, we take the cut Ts of C\ by the plane ko = 1 as a contour I\ This contour is 
the three-dimensional sphere S 3 . We choose on Ts the spherical coordinates determined by the 
formulas 

k'i = sin 7 sin cos k' 2 = sin 7 sin sin fc3 = sin7cos@, k'^ = cos 7, 

0^7,G<7r, < $ < 7r, dfc' = sin 2 7sinG(i7(i6(i$. 

This case is well-studied (see, for example, [3]). We formulate only the result. The expansion 
of the function ip{x) is of the form 



1 



00 j 



j=0 1=0 m=-l 

-1 p-i-i 
2 



x (sinh a) ^-li (cosha)Y, 7m (/3, (9, cp), 



(7.66) 



where 



^7m(p) 



(27r) 2 (-iyr(ip. 



r(ip-i-|) iff* ^0 



d 1 



— ^(x) (sinh a) X P. f. 1/2 (cosha)Y^ m (/3, 0, <p). 



Here Yji m ((3, 9, ip) is the spherical function on S 3 , 



Y jlm (p,e,p) 



(j + l)T(j + 1 + 2) 

r(j -1 + 1) 



nl/2 



(sin/3)- 1 / 2 P. + i 1/ 1 2 /2 (cos/?)y Zm (^ (/3 ) 
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and 

d 4 x/xo = sinh 3 a sin 2 /? sin dad j3 dO dep. 
Therefore, the functions 



$ P jim(a,f3,0,(p) = — — , 2 , sinh" 1 a P.~^7 /2 (cosh a)Y jlrn (f3,6, p) (7.67) 

1 F(ip — j - 2) 1 



ip-1/2 



constitute a normed basis in the space L ■ (HV) and normalization condition is 
, v 8{p — p') 

($ pm ,* pj lm) = p{p 2 + 1/4)tanll7Tp 6 ^' 6 mm'. 

The Plancherel formula is of the form 



' m 1 2 

Hi X 1 



00 3 I poo 

( 2 ^)" 4 EEE / dp{p 2 + 1/4) ptanhnplAflMl' 

5=0 1=0 m=-l 



8 Coordinate systems and generators of S'Oo(l,4) on the cone 

In this section we consider coordinate systems on the upper sheet C 4 of the cone C 4 in the 
4-dimensional Minkowski space, which is determined by the equations 

r 1 2 2 2 2 2_ n ^ n 

[X, XJ — Xq X^ X<2 Xg X 4 — U, Xo ^ U. 

The group 50o(l,4) is a transitive group of transformations of C 4 . We take the point x° = 
(1,0, 0, 0, 1) of C%. A maximal sub group of 50o(l, 4), whose elements leave this point invariant, 
is the subgroup 50(3) x T(3), where T(3) is generated by E{ = P. L + Ni, i = 1, 2, 3 (see (|3.13p ). 
Thus, the cone C\ is homeomorphic to the coset space 50o(l,4)/(50(3) x T(3)). 

As in the case of the hyperboloid i/ 4 , coordinate systems will be determined by expressions 
of homogeneous coordinates x„, p = 0, 1, 2, 3, 4, in terms of corresponding angles of a coordinate 
system under consideration. We restrict ourselves by 7 coordinate systems. They correspond to 
the same subgroup chains of 50o(l,4) as in the case of the hyperboloid. Coordinate systems 
on C\ will be denoted by the same symbols as for the hyperboloid H+. 

Spherical coordinate system 5 (coordinates a, /3, 9, p): 

xo = e a /2, xi = (e a /2) sin/3 sin# cos p, X2 = (e a /2) sin /3 sin # sin p, 

x 3 = ( e °/2)sin/3cos0, x 4 = (e a /2) cos (3, (8.1) 

-00 < a < 00, ^ (3, 9 < 7T, < 99 < 27T. 

Hyperbolic coordinate system H (coordinates a, 6, 0, p): 

xq = (e a /2) cosh 6, xi = (e a /2) sinh6sin#cos<^, X2 = (e a /2) sinh 6 sin sin 99, 

x 3 = ( e a /2) sinh fe cos 6», x 4 = e(e a /2), (8.2) 

—00 <a<oo, ^ 6 < 00, ^ 9 < 7T, ^ 92 < 27r, e = sign X4 = ±. 

Orispherical coordinate system O (coordinates a, r, 0, 93): 

xo = e a (r 2 + l)/2, xi = e a r sin#cos(^, X2 = e a r sinflsin^, 

x 3 = e a rcos6l, x 4 = e a (r 2 -l)/2, (8.3) 
—00 <a<oo, ^ r < 00, ^ 9 < 7r, ^ 92 < 27r. 
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Cylindric coordinate system C (coordinates a, b, 9, ip): 

xq = (e a /2) cosh b, x\ = (e a /2) sin 9 cos ip, x 2 = (e a /2) sin 9 sin <p, 

X3 = ( e a /2) cos 9, x 4 = (e a /2) sinh b, (8.4) 

— oo < a < oo, — oo < b < oo, ^5 # < 7r, ^ 99 < 27r. 

Spherically- hyperbolic coordinate system SH (coordinates a, b, <£, ip): 

xq = (e a /2) cosh b, x\ = (e a /2) sinh 6 cos 99, X2 = (e a /2) sinh6sin</3, 

£3 = ( e a /2) cos x A = (e a /2) sin (8.5) 

-00 < < 00, < b < 00, < ip, $ < 27r. 

Orispherically-cylindric coordinate system OC (coordinates a, £, z, 99): 

x = e a (f+z 2 +l)/2, Xl = e a ^cosp, x 2 = e a isunp, 

x 3 = e% x 4 = e a {e+z 2 -l)/2, (8.6) 

— 00 < a < 00, ^ £ < 00, —00 < z < 00, ^ ip < 2ir. 

Orispherically-translational coordinate system OT (coordinates a, y\, y 2 , 1/3): 
x = e a (y 2 + l)/2, Xl = e a yi, x 2 = e a y 2 , x 3 = e a y 3 , 

x 4 = e a (y 2 - l)/2, y 2 = y\ + y\ + y\, (8.7) 

— 00 < a < 00, —00 < y-i < 00, i = 1,2, 3. 

Since the cone is an asymptotical surface for the hyperboloid Hj_, the coordinate systems 
on C\ are asymptotically (at a — ► 00) obtained from the corresponding coordinate systems 
on H\. 

We can write down a differential form of infinitesimal operators J^, fj,, v = 0, 1, 2, 3, 4, /i < v, 
on the cone C+. For this we use the formulas 

,( d d \ , ( d d \ 

J rfs = — 1 I X r — Xfs— I , Jqs = —1 I r.r, I 



OX s OX r J \ OXg OXq J 

where r, s = 1, 2, 3, 4. We substitute into these formulas the expressions for Xn, [i = 0,1, 2, 3, 4, 
in terms of coordinates of the corresponding system. The results of such calculations can be 
found in |T7], section 2.6. As an example, we give here a differential form for generators of 
SOo(l,4) in the hyperbolic coordinate system, 
//-system: 

( 3 n d \ ( 9 n . d \ 

M\ = — i — sin 99— — cot 9 cos 99— , M 2 = — i cos 99— — cot 9 sin 99— , 
\ o9 op J \ 06 op J 

.3 _ . / . . 8 . . , d 

M 3 = -1— , P = -ie cosh 6- — sinh fr- 
ay? \ da 00 

_ / . , , . _ 9 . 5 cos cos 05 (9 sin 09 d 
P\ = — le sinh asm 9 cos 09— — cosh smU cos ip— . — "^7:+' 



\ da db sinh 6 89 sinh 6 sin # dp J ' 

/ . 9 . <9 cos sin w 3 cos 99 d 

P 2 = — le I smhosmt'smo9— — cosh sin 6* sm 09- 



\ da db sinh 6 <9# sinh b sin <9a9 

• n ^ 1 7 /1 d sin0 9 

i-3 = — ie I smhocosy-^ — cosh cos u—+- 



\ da db sinh b d9 

■ ( ■ n 9 11 /1 d sin<y9 5 

iVi = — 1 I sin ft cos 99—+ coth ocos y cos p-^— coth 0- 



96 d9 sin 6* 9(/9 / 
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N 2 
N 3 



„ . d d cos ip d 

-l smfsinw— + cotho cos sin 097-7 + cotho— : — -7— 
do 00 smu dip 

, d . . . . d 
-1 ( cos 9— — coth osmU— 
do 06 



9 Invariant operators and their eigenf unctions on the cone 

Our aim in this section is to find basis functions on the cone C\ corresponding to different 
coordinate systems. As in the case of the hyperboloid H+, these functions are constructed as 
eigenfunctions of a full system of self-adjoint differential operators on the cone C+, including the 
Casimir operator F (see formula (|2.7p ) of SOq(1,4) and Casimir operators of the corresponding 
chain of subgroups. 

In all coordinate systems on the cone Ci the Casimir operator F is of the form 

d 2 d 
oar da 

This expression can be obtained from the differential form of the operator F in any coordinate 
system on by the asymptotic limit a — ► 00. 

Let us give the rest of self-adjoint operators of a full system in each coordinate system on C\. 

5-system. 

, ,2 «2 1/9 2 n d Id n d Id 2 

M 2 + p 2 = — s i n 2 /3 _(_ _ — ^ s i n (9— + 



sin 



p \dp ' dj5 smOde d9 sm 2 9 d<p 2 

™ 2 ( 1 9 ■ n d 1 d 2 \ xr .d 

\smd ad dd sm. 9 dip z J dip 
These operators correspond to the chain of subgroups 
SO (M) D 50(4) D 50(3) D 50(2). 
//-system. 

^2 » ^ 1 ( 9 . , o , d 1 d . n d 1 d 
N 2 - M 2 = ^— — sinh 2 &7- + -^-777- sin 6 1 — + 



sinh 2 /? V<^ 96 ' sin 9 d6 d9 ' sin 2 9 dip 2 

™ 2 M 5 ■ „ 9 1 d 2 \ w .d 

M 2 = - — sin 9— — I n— 77-^7 , M 3 = -1— . 

Vsin 9d9 d9 sin 2 do? 2 J ' J do? 

These operators correspond to the chain of subgroups 
5O (l,4) D 5O (l,3) d 50(3) D 50(2). 
O-system. 



E 2 



r2 



a 2 25 1 / a 2 ,5 1 a 2 

+ -77- + -77 77777 + cot 9— + 



^ r 2 r Q r r 2 yOQ2 QQ S 'm 2 9 dip 2 

1 d . d_ J d 2 ^ 

shi0M Sm 50 + shi 2 ^9vJ' 3 ~~ l &p~ 



These operators correspond to the chain of subgroups 
5O (l,4) D /50(3) D 50(3) D 50(2). 
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OO-system. 



d 2 Id Id 2 d 2 \ .8 



V 12 v^ 2 ^dip 2 

These operators correspond to the chain of subgroups 

SO {l, 4) D 150(3) D 150(2) ® T ± D 50(2) g> T ± . 
OT-system. 

The corresponding chain of subgroups is 

SO (l, 4) D ISO(3) D T(l) g> T(2) <g) T(3). 
O-system. 

M 2 = - — sin 0— H ^ — — ] . M 3 = -i— , P = -i—. 

\sm9de 89 sin 2 9V/ V 96 

These operators correspond to the chain of subgroups 
SO (l, 4) D 5O (l, 1) ® 50(3) D 50(2). 
SH-system. 



N 2 1+ N 2 -M 2 = -(-- + cothbi- + 



d 2 , a Id 2 



db 2 db sinh 2 b d 2 tp 

Ms = v Ps = 

The corresponding chain of subgroups is 

5O (l, 4) D 5O (l, 2) ® 50'(2) d 50(2), 50(2) ~ 50'(2), 

(the subgroup 50(2) is embedded into 500(1, 2)). 

As we see from the expressions for invariant operators in each coordinate system given above 
their differential form (except for the operator F) coincides with the corresponding differential 
form in the corresponding coordinate system on the hyperboloid H^_. 

It is known (see [3], Chapter 10) that the quasi-regular representation of 50o(l,4) on the 
Hilbert space L 2 (0+) decomposes into a direct integral of irreducible unitary representations of 
this group, and each of these irreducible representations is contained in the decomposition twice. 
(Let us recall that the quasi-regular representation of 50o(l,4) on the Hilbert space L 2 (H\) 
decomposes into a direct integral of irreducible unitary representations of this group, and each of 
them is contained in the decomposition once.) Therefore, the spectrum of each full collection of 
self-adjoint operators in L 2 (0+) given above differs from the corresponding spectrum on L 2 (H+) 
only by the fact that multiplicity of each eigenvalue is doubled. 

As in the case of functions on the hyperboloid, we try to find eigenfunctions of the collections 
of self-adjoint differential operators on Of in the form of separated variables. As we have said, 
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differential forms of invariant operators (except for the operator F) for iff and for C\ coincide 
in the same type of coordinate systems. For this reason, the corresponding solutions for them 
are the same. Thus, in order to find eigenfunctions of full collections of self-adjoint operators 
we have to solve the equation 



— + 3— ) 

da 2 da 



a)' = a(a + 3){a \ a)', 



corresponding to the operator F. For each fixed complex value of a, there are two corresponding 
linearly independent solutions of this equation: 



(a 



expca, (a \ a)' 2 = exp(— a — 3)a. 



In particular, for values of a, corresponding to the principal unitary series representations of 
50q(1,4) (that is, for a = ip — |, p E R), we have the solutions 



(a | p) = (a 



+ ip. 



exp 



± ip) a. 



(9.2) 



Thus, a full system of eigenfunctions of a collection of self-adjoint operators, corresponding 
to a fixed coordinate system, is given by the formula 



$ P7 (a,a) = (a,a\ p,j) = (a \ p)(a | 7), 



(9.3) 



where a is a collection of all coordinates except for the coordinate a, 7 are eigenvalues of all 
operators except for the operator F, and (a | 7) are eigenfunctions of these operators. 

It is evident that the function (|9.2|) is homogeneous in e a of homogeneity degree (—3/2 ± ip). 
Therefore, the basis functions (|9.3p are homogeneous in e a . 

The orispherical transform (j6.3|) maps L 2 (H^_) not upon the whole space L 2 (C%), but rather 
upon its subspace (we denote it by Lg(C+)). Indeed, if this transform would map upon 
the whole space L 2 (C+), then multiplicities of irreducible representations of SOq(1, 4) in L 2 {C\) 
would exceed those in L 2 (H^_); this cannot be true. 

Basis functions of the space L 2 (C+), corresponding to a fixed coordinate system, can be found 
in different ways. One of these ways is making orispherical transform of the corresponding basis 
functions of L 2 (H^_). However, for most coordinate systems this transform leads to divergent 
integrals (let us remind that our basis functions are normed to the delta- function) . For this 
reason, we choose another way. As we have said, in the homogeneous coordinates on iJf and 
on coordinates and differential operators of the operator F and other operators coincide in 
the asymptotics a — > 00. The corresponding basis functions on and on also coincide in 
this asymptotics. The part $> p (a) of a basis function of Lq(C^l), which depends on a, is a linear 
combination of the functions exp<ra and exp(— a — 3)a, a = ip — 3/2: 



3>p(a) = C\ exp oa + C2 exp(— a — 3)a, 



(9.4) 



where C\ and C2 are independent of a. The coefficients C\ and C2 can be found using the fact 
that the function $ p (a) and the corresponding basis function on the hyperboloid iff coincide 
in the asymptotics a — > 00. As an example, let us consider the case of the spherical coordinate 
system. 

We take the function (sinh a) _1 P i ~^~^ 2 (cosh a) of a, entering into the expression for the basis 
function $ p ji m (a, /3,9,tp) of the space L 2 (H^_) (see formula (|7.67p ). Expressing the function 
P.~^, 2 (cosha) in terms of the Gauss hypergeometric function and using the formula (15.3.6) 
in [41], we find that for large a the following asymptotics holds: 



(sinh a) 1 P i ^^ 1 | 2 (cosha) ~ 



r(ip) exp(— 3/2 + ip)a F(— ip) exp(— 3/2 — \p)a 



r(i P + i + 3/2) 



+ 



r(-i P + i + 3/2) 
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Therefore, for large a the function $ p ji m (a, @,9,<p) has the form 

2 | r(i P - 1/2) 



<S>pjim(a,P,9,cp) 



0F|r(i P -j-i/2) 



;Y jlm (J3,0,<p) 



r(ip) exp(— 3/2 + ip)a T(—ip) exp(— 3/2 — \p)a 



r(i P + j + 3/2) 



+ 



rx-ip + j + 3/2) 



(9.5) 



Then 



C 



1,2 



c± 



2 |r(i P -|)| 



r(±i P ) 



V5F|r(v-i-|)|r(±ip + j + |)" 

dinate 

basis functions on L 2 (Hj_), are of the form 



Thus, in the S-coordinate system the basis functions of the space Lg(Ci), corresponding to the 



^ | r(ip - j - 1/2) 

r M c (~3/2+ip)q 

r(i P + j + 3/2) 



+ 



r(-ip) 



r(-i P + i + 3/2) 



,(-3/2-ip)a 



The domains of definition for the indices p, j, I, m are the same as in the case of the space 
L 2 (H^). This remark is true for other coordinate systems considered below. 

An explicit form of basis functions in other coordinate systems can be found analogously. 
Let us write down basis functions on the cone C\ in all the coordinate systems, normed by 
a delta-function. 

S'-system. 

$ pjlm (a,P,6,ip) = (a,P,0,(p | p,j,l,m) = (C+e^~ 3 ^ a + C£ e^~ 3 ^ a )Y jlm (P, 0, <p), (9-6) 
where 

c± _ y^2 |r(ip + j + 3/2)| r(±i/9) 

5 0F|r(ip + 3/2)| T(±ip + j + 3/2)' 
The orthogonality relation has the form 

($p'j'l'm',$pjlm) 



d x 



5{p- p^SjfSu^mm' 



$p>j'i'm'(a,P,0,<p)$ pj i m (a,(3,6,(p) - 
C 4 xq p\p + l/4)tanh7rp 



where d^x/xQ = g e 3a sin 2 (3 sin 9 da dj3 d9 dip. 
//-system. 



pulm 



a, ft, 9, cp) = (a, (3,9,ip\ p, v, I, m) 

= ( C + ±e (- 3 / 2+i ^ + C H± e^ 2 -^ a )V ulm (P,9^), 



(9.7) 



where 



(sinh 6)- 1 / 2 Pri- 1/ 2 2 (cosh b)Y lm (9, <p), 



C+ 



, v(iu - 1) i v " ' ' iv -y 

V2 1 r(ip + \v + i/2)r(ip - hv + 1/2) I r(ip) 



H ± ypa I r(i P + 3/2) I r(ip + \v + i/2)r(i/9 - ii/ + 1/2) ' 

^2 I r(ip + u/ + l/2)r(ip - ii/ + 1/2) I / cosliTrp ^ 1 

H± ~ A I r(V + 3/2) I V * u ipj± r(i P + i) 
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The orthogonality relation for the functions (|9.7p is 

f d^x 



p(p 2 + 1/4) tanh 7T/3 i^ 2 

" ' p'u'l'm' ' * pvlml 

where d^x/xo = (e 3a /8) sinh 2 6 sin 9 dadbdO dip. 
O-system. 

<&f£(a,r,0,^) = (a,r,e,ip\ p,K,l,m) = (C+e^/ 2+ ^ a + C e^ 2 ~^ a ) J Klm (r, 0, <p), (9.8) 

where 

Jdm(r,9, V ) = (Kr)- l l 2 J l+1/2 (Kr)Y lm (6^), C% = ^^(ip^/l) | ' 
The orthogonality relation for the functions (|9.8p is 

JC\ x 

d(p-p') 6{k-k') 



■Su'S. 



mm.' j 



p(p 2 + 1/4) tanh irp k 2 

where d^x/xo = e 3a r 2 sin 9 da dr d9 dip. 
OC-system. 

$™ ? (a, e, z, p)=(a, £,z,<p | t?, 9 , m) = (C+ c e(- 3 / 2+i ") a + C^- 3 / 2 -^)*™ (£, z, (9.9) 
where q 2 + rj 2 = k 2 and 

vp™ (£, z ^ = ±j m ^) e m e im<p c ± = C %= (K /. 2) 7 Pr(±1 ^, . 
,yj 2n ™ww . oc o 20F|r(ip + 3/2)| 



The orthogonality relation for the functions ()9.9[) is 



lei x 

S(p-p') S(ri-rf) 



p{p 2 + 1/4) tanh 7T/9 77 

where d x/xq = e 3a £ da d£ dz dip. 
OT-system. 

<F"(a, y)=(a, y, | p, K)=(C+ T e^' 2+ ^ a + C OT e^ 2 ^ a )* K (y), (9.10) 

where 



¥«(y) = (27r)- 3 / 2 exp(iKy), 
7 OT = Co- 2v ^| r(ip + 3/2) p 



r ± («/2)^r(±i P ) 
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The orthogonality relation for the functions (|9.10p is 



C 4 xq ' p(p 2 + 1/4) tanh 7175 ' 

where d 4 x/xQ = e 3a dady. 
C-system. 

b, 9, <p)={a, b,6,<p\ p, r, I, m) = (C+e^ 2+ ^ a + C^-^-^Y^b, 9, <p), (9.11) 

where 

Y? m (b,0,<P) = (2^)- 1/2 exp(iT6)y /m ,(0,^), 

c±= V2 | T[(ip + ir + I + 3/2)/2]r[(ip - ir + I + 3/2)/2] | gP£(dbip) 
c ~ I r(ip + 3/2) | r[(±ip + ir + Z + 3/2)/2]r[(±ip - ir + / + 3/2)/2] ' 

The orthogonality relation for the functions (|9.1ip is 

S (P - P') K(rr J U r 

= p(p2 + l/4)tanhvr/ (T - T) ^ W ' 

where d 4 rr/xo = ^e 3a sin 6 da dbd8 d(p. 
SH-system. 

Vmm(o>^! $ ) = (a,b,(p,$ | p,u},m,rh) 



where 

W£*(6,y>,*) = — , + 1/2 l 1 m 1/2 (cosh ft) e i(^+™*), 

mml r 7 2vr I T(iw + m+ 1/2) I *>-vn ' 

c ± V2 | T[(ip + iuj + m + l)/2]r[(ip - \uj + m + l)/2] | 2^T(dbip) 

5H ~ y^l T(ip + 3/2) | r[(±ip + ia; + m + l)/2]r[(±ip-iw + m + l)/2] 

The orthogonality relation for these basis functions is 

d 4 



r d A x 

O^a/m'm' ' ^pumm) = / — (<*. &> <P, («> &, V, *) 

Omm/ 0, 



^(/O 2 + 1/4) tanh 7rp w tanh 7ru; 



mm u mm' ' 



where d 4 x/xo = |e 3a sinh&dad/jd^dfl?. 

Transition coefficients. In applications of harmonic analysis on the hyperboloid and on 
the cones, it is necessary sometimes to go from expansion of functions ip(x), x € (or x 6 C 4 ), 
in basis elements in a certain coordinate system to expansion of this function in basis elements 
in another coordinate system. This transition is fulfilled by means of matrix elements (kernels) 
of the corresponding transition operator. These matrix elements (kernels) are called coefficients 
of the transition. 
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If we denote a basis function in a coordinate system A by (x^) and in a coordinate system 
B by (x\/j), where x G (or x G C^_), then (x\j) and (x\fj.) are connected by the formula 

( x \n) = J di/(7)(x|7) (7I0), 

where dv{^) is the measure in continuous parameters and a sum in discrete parameters in 7 (this 
measure coincides with the measure with respect to which the expansion of the function ip{x) 
in basis functions {x\^f) is made. If (7I//) is continuous function in variables 7, then according 
to orthogonality properties of the functions (x|7) we have 

/d^x 
(7\x)(x\fj), ( 1 \x)=Jxh), (9.12) 
x 

where integration is over the hyperboloid or the cone. 

The quasi-regular representations of the group SOq(1,A) are realized on the spaces L 2 (H\) 
and Lq(C|_). These representations are unitary equivalent and the equivalence is given by the 
orispherical transform (|6.3|) . Besides, for each coordinate system there exist basis functions of 
these spaces, which are also connected by the orispherical transform (|6.3p . Therefore, coefficients 
of transition from one basis to another in L 2 (H^_) coincide with the corresponding coefficients 
of transition in the space Lq(C+), 

/ ^< 7 |*> (x\n) = I — (0( 7 |x»(0(*|/i», 

JH\ £0 J C i X 

where O is the operator of the orispherical transform. Thus, we do not need to derive coefficients 
of transition in L 2 (H+) and in Lq(C^). Since basis functions on Lq(C+) are simpler than basis 
functions on L 2 (H+), these coefficients usually derive for the space Lq(C+). 



10 Information on semisimple Lie groups and Lie algebras 

Let G be a connected linear (matrix) noncompact real semisimple Lie group and let g be its 
Lie algebra. Let K be a maximal compact subgroup in G and let 6 be the Lie subalgebra in q 
corresponding to K. Then one has a Cartan decomposition q = t+p, where p is a linear subspace 
of q. This sum is direct. The Cartan decomposition is characterized by the inclusions 

[t,t]C«, [P,p]cf, [E,p]C P . (10.1) 

The formula 

B(X,Y) = Tr ((adX)(adF)), X,Y £ q, (10.2) 

determines a symmetric bilinear form on q, which is called a Killing- Cartan form. Here ad X is 
the operator on q acting as (ad X)Y = [X, Y], Y G 0. The fact that a Lie algebra g is semisimple 
means that the bilinear form B(X,Y) is non-degenerate. If q = t + p is a Cartan decomposition 
of fl, then B(X, X) < for X G t and B{X, X) > for X G p. 

Let 6 be the involutive Cartan automorphism on 0. Then 6 leaves elements of t invariant and 
multiplies elements of p by —1. We introduce on the bilinear form 

(X,Y) = -B(X,8Y). (10.3) 



This form determines a positive scalar product on 0. The algebra with this scalar product 
turns into a finite dimensional Hilbert space. 
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Let a be a maximal commutative subalgebra in p. A dimension of a is called a real rank of 
the Lie algebra q. We consider the set of operators ad H, H € a, acting on the space q. It is 
easy to see that 

((ad H)X, Y) = (X, (ad H)Y), X,Y G 0, 

that is, &dH is a self-adjoint operator on q. Thus, if q is supplied by the scalar product (|10.3p . 
then the operators ad H, H E a, constitute a commuting collection of self-adjoint operators. 
For this reason, q decomposes into an orthogonal sum of eigenspaces of these operators: 

= 0o + ^0 7 , (10.4) 

7 

where 0o is an eigenspace with zero eigenvalue for all operators ad H, H G o, and 7 are 
eigenspaces with eigenvalues "f(H), H G a (7 are linear forms on a). 

It is evident that elements of different eigenspaces 7 are orthogonal with respect to the scalar 
product (|10.3j) . Linear forms 7 on a in (]10.4h are called restricted roots of the algebra with 
respect to a (or restricted roots of the pair (0, a)). The subspaces 7 are called root subspaces. 

Restricted roots are split into two sets: a set of positive restricted roots and a set of nega- 
tive restricted roots. In order to determine a sign of a restricted root we have to fix a basis 
Hi,H2, . . . ,Hi of the subalgebra 0. If the first non-zero number in the set "f(H\), 7(1/2), • • •, 
"/(Hi) is positive (negative), then the root 7 is positive (negative). The set ai, ct2, ■ ■ ■ , ai of 
restricted positive roots is called a system of simple roots if each restricted positive root is a 
linear combination of ol\, 012, ■ ■ ■ , a l with non-negative integral coefficients. 

Restricted roots and root subspaces possess the following properties: 

(a) if 71 , 72 and 71 + 72 are restricted roots of the pair (0 , a) , then [g 7l , 72 ] C 71 + 72 ; if 71 + 72 
is not a restricted root, then [0 7l ,0 72 ] = 0; 

(b) if 7 is a restricted root, then —7 is also a restricted root, that is, to each positive root 7 
there corresponds a negative root —7; 

(c) root subspaces 7 may be more than one-dimensional; 

(d) only the roots 27, 7, —7, —27 or the roots 7, 7/2, —7/2, 7 can be roots multiple to a re- 
stricted root 7; in particular, if a semisimple Lie algebra is of rank 1, then the subalgebra a 
is one-dimensional and all restricted roots are linearly dependent, that is, in this case there 
are only two restricted roots 7, —7 or 4 restricted roots 27, 7, —7, —27. 

A dimension of a root subspace 7 is called a multiplicity of the restricted root 7, which is 
denoted by 771(7). 

Let 71,72, ... ,7 n be a set of all positive restricted roots of the pair (0, a). The linear form 

1 n 
i=i 

is called a half-sum of positive restricted roots of the pair (0, a). This form is important in the 
representation theory of semisimple Lie groups. 

Let n = ^07' where summation is over positive restricted roots of the pair (0, 0). Then n 

is a maximal nilpotent subalgebra in and the Iwasawa decomposition 

= t + a + n 
holds, where the sum is direct. 
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Let m be the centralizer of the subalgebra a in 6 (that is, the set of all elements of t which 
commute with all elements of a). Then m is a subalgebra in g. Moreover, m is a reductive Lie 
algebra (that is, it is a direct sum of a semisimple subalgebra of g and a center of m). It is clear 
that m belongs to the subalgebra go from (j 10.4[) . Moreover, the subalgebra go coincides with 
the sum a + m. 

Let iV be a closed subgroup in G with a Lie algebra n and let A be a subgroup in G with the Lie 
algebra a. Then G = ANK. Moreover, each element g G G decomposes uniquely as a product 
g = hnk, h & A, n £ N , k £ K . The mapping (h, n, k) — > hnk is an analytic diffeomorphism of 
the manifold A x N x K onto G. The decomposition of elements of the group G into a product 
of elements of the subgroups A, N and K is called its Iwasawa decomposition. It is a global 
analogue of the Iwasawa decomposition g = t + a + nof the Lie algebra g. This decomposition 
is extensively used in the representation theory. 

The Iwasawa decomposition of G can be written in another form. Since G = G^ 1 = 
(ANK)' 1 = K^N^A' 1 = KNA, then G = KNA. Each element g G G decomposes uniquely 
as a product g = knh, k€K,n£N,h£A. 

Let M be the centralizer of the subgroup A in K, that is, M consists of all elements of K 
commuting with all elements of A. Then the subalgebra m is a Lie algebra for M. The sub- 
group M may be not connected. It can be represented in the form M = ZMq, where Mq 
is a connected component of M, containing the unit element, and Z is a finite group. The 
subgroup P = ANM = MNA of the group G is called a minimal parabolic subgroup of G. 
A subgroup of G, containing a minimal parabolic subgroup, is called a parabolic subgroup of G. 
Below we shall consider representations of the group G, induced by irreducible representations 
of a minimal parabolic subgroup. 

Let us consider a connection of compact and noncompact Lie groups and a connection of 
their Lie algebras. Let G and g be as above. Since G is a linear group, it has a complexification; 
let us denote it by [G]. Let [g] be a complexification of the Lie algebra g. Let Gk be a compact 
real form of the complex group [G], and let g^ be a compact real form of the Lie algebra [g]. If 
g = 6 + p is a Cartan decomposition of the Lie algebra g, then for the Lie algebra Qk we have 
the decomposition 

g fc = 6 + ip, i = >/=!, (10.6) 

(see, for example, |16j). There exists also a connection between decompositions of the groups G 
and Gk- For G, the decomposition G = KAK (the Cartan decomposition) holds. The sub- 
group A is commutative and noncompact. Moreover, it is a direct product of I copies of the 
group M + of positive real numbers with the usual multiplication as a group operation. Un- 
der complexification of G the subgroup A C G turns into the commutative subgroup [A] C [G] . 
Then Ak = [A] f] Gk is a commutative subgroup in Gk- Thus, the subgroup Ak C Gk is obtained 
by analytic continuation of the parameters of the subgroup A C G to the corresponding compact 
domain. To the decomposition G = KAK there corresponds the decomposition Gk = KAkA of 
the compact group Gk- This fact is used in consideration of finite dimensional representations 
of semisimple Lie groups. It is known that finite dimensional representations of the groups G 
and Gk are obtained by analytic continuation in group parameters [32] • It follows from the de- 
compositions G = KAK and Gk = KAkK that it is enough to make an analytical continuation 
only for parameters of the subgroups A and Ak - 

More details on the structure of semisimple Lie groups and Lie algebra can be found in \\.b\ [T6] 
and [33]. 
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11 Representations of semisimple Lie groups and Lie algebras 

We consider representations of the principal nonunitary series of a noncompact real semisimple 
Lie group G. These representations are constructed by means of irreducible finite dimensional 
representations of a minimal parabolic subgroup P = MNA. Let 5 be a unitary irreducible 
representation of the compact subgroup M on a finite dimensional Hilbert space V, and let A 
be a complex linear form on a. Then the mapping h — > exp(A(log h)), h G A, is a representation 
of the commutative subgroup A. Here log denotes the mapping of the group A onto its Lie 
algebra a, which is inverse to the exponential mapping exp : o — > A. The correspondence 

mnh — ► exp(A(log/i))<5(m), h G A, n G N, m G M, (H-l) 

is an irreducible representation of the group P = MNA. 

By means of the representations ([11. ip of P one constructs (induces) representations of the 
group G. Let us first construct Hilbert spaces on which these representations of G act. Let / 
be a function from G to the finite dimensional Hilbert space V satisfying the relation 

f(gmnh) = 5(m~ 1 )exp(-X(logh))f(g), m£M, n£N, h G A. (11.2) 

These functions are uniquely determined by their values on representatives of cosets in G/P = 
G/MNA. Indeed, each element g G G is uniquely decomposed into a product g = xp = xmnh, 
p = mnh G P = MNA, where x denotes representatives of G/P. Then 

fid) = fixmnh) = ^(tti" 1 ) exp(— A (log h))f(x). (H-3) 

Thus, if we have fix), then fig), g G G, are uniquely determined. 

Since G/P = KNA/MNA ~ K/M, then instead of representatives of G/P we can take 
representatives of cosets in K/M. If we extend the set of the latter representatives to the whole 
subgroup K, then instead of functions f{g) on G, satisfying the condition (|11.2p . we obtain 
functions on K, satisfying the condition 

f(km) = 5{m~ l )f{k), m G M. (11.4) 

Now we construct a Hilbert space of functions f(k) on K with values in V, satisfying the 
condition (jll.4p and the conditio 



K 



\\fik)\\ldk<™, 



where dk is an invariant measure on K and ||/(A;)||v is a norm on V. Namely, we define a scalar 
product in the space of such functions by the formula 

</i,/ 2 >= / (fiik),hik)) v dk (11.5) 
Jk 

and close this space by means of this scalar product. Note that this scalar product can be 
introduced both in the space of functions on G, satisfying the condition (jll.2p . and in the space 
of functions on K, satisfying the condition (|11.4p . In the first case the Hilbert space is denoted 
by Ti-sx and in the second case by L 2 & (K, V) . Now the formula 

K5xigo)fig) = fig^g), go e G, (11.6) 

determines a linear representation of the group G on the space 7~ts\ which is denoted by 71"^. 
Going from functions given on G to functions given on K we obtain 

nxig)fik) = exp(-A(log/i))/(fcA g G G, (11.7) 
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where h € A and k g £ K are determined by the Iwasawa decomposition of the element g k: 
g~ 1 k = k g nh, n G N. 

Thus, in L$(K,V) the representation tt$\ is given by formula (jll.7p . The representations 
(jll.6|) and (|11.7|) . realized on the spaces TCsx and Lg(K,V), respectively, are in fact different 
realizations of the same representation. One says that this representation is induced by the 
representation (jll.lj) of the subgroup P. 

If 5 runs over all non-equivalent irreducible unitary representations of the subgroup M and A 
runs over all complex linear forms on a, then ir$\ constitute the principal nonunitary series of 
representations of G. 

The restriction of the representation tt$x to the subgroup K acts on L^(K, V) by the formula 
K8\(k Q )f(k) = f(k^k). 

Since the functions / satisfy the condition f(km) = 5(m~ 1 )f(k), m £ M, the space L^(K,V) 
decomposes into orthogonal sum of linear finite dimensional subspaces, on which irreducible 
unitary representations (we denote them by v) of the subgroup K are realized. Moreover, each 
such representation u is contained in the decomposition of the representation irs\ Ik of K with 
multiplicity bg, where bg is the multiplicity of the representation v of M in the representation 5 
of K. 

The representation irs\ of the group G determines the corresponding representation of the 
Lie algebra q, which is denotes also by irs\- To noncompact elements of the Lie algebra q there 
correspond unbounded operators of this representation. For this reason, these operators are not 
defined on the whole Hilbert space L$(K, V). However, each of these operators is determined on 
differentiable functions from Lg(K, V). Moreover, on the set of infinitely differentiable functions 
of Lg(K,V) an action of products of such operators is determined. In particular, an action of 
Casimir operators is determined on such functions. Note that the linear space of infinitely 
differentiable functions of Lg(K,V) is dense in this Hilbert space. 

12 Hyperboloids and cones for semisimple noncompact 
Lie groups and coordinate systems on them 

12.1 Hyperboloids and cones 

Let us construct analogues of upper sheet of the hyperboloid H+ of the two-sheeted hyper- 
boloid and the upper sheet C\. of the cone constructed in the previous sections. The motion 
group of and of C\ is the de Sitter group SOo(l,4). The hyperboloid is identified 
with the homogeneous space SOq(1, 4)/50(4), where 50(4) is a maximal compact subgroup in 
50o(l,4), and the cone C\ with the homogeneous space SOq(1,A)/ISO(3), where 750(3) is 
the subgroup MN (see the previous section) for 50o(l,4). Taking into account these facts, we 
define a hyperboloid and a cone for an arbitrary connected linear semisimple noncompact Lie 
group G as follows. An analogue of the upper sheet H\ of the two-sheeted hyperboloid is the 
homogeneous space G/K, where K is a maximal compact subgroup of G. The space G/K is 
a noncompact Riemannian symmetric space (see |16j). In order to have an analogy with the 
case of the group 50o(l,4), we call this space a hyperboloid. A cone (an analogue of the upper 
sheet C\ of the cone) with a motion group G is the homogeneous space G/MN, where iV is 
a maximal nilpotent subgroup (see the previous section) and M is a subgroup of K, which is 
a centralizer of the subgroup A = exp a in K. A list of classical simple noncompact real Lie 
groups G and their subgroups K and M is given in Table 1. 
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Table 1 



G 


Gk 


K 


M 


SL(n,C) 


SU(n) x SU(n) 


SU{n) 


D 


SO(n,C) 


SO{n) x SO(n) 


SO{n) 


D 


Sp(n, C) 


Sp(n) x Sp(n) 


Sp(n) 


D 


SL(n,R) 


SU(n) 


SO(n) 


(Z2)n-1 


SU*(2n) 


SU(2n) 


Sp(n) 


{Z2)n-1 


SU(p,q) 


SU{p + q) 


S(U(p) x U(q)) 


S{U(p-q) X [7(1) X ••• X U{1)) 


U (p, q) 


U(p + q) 


U{p) x U{q) 


U(p-q) x U(l) x ••• x U(l) 


SOo(p, q) 


SO{p + q) 


SO{p) x SO{q) 


SO(p -q)x (Z 2 ) q 


S0*{2n) 


S0(2n) 


U(n) 


517(2) x • • • x SU(2) 
if n = 2k 
SU{2) x ••• x 5*7(2) x U(l) 
if n = 2k + 1 


Sp(n,R) 


Sp(n) 


U{n) 


(^2)n-l 


Sp{p, q) 


Sp(p + q) 


Sp{p) x Sp{q) 


Sp{p -q)x Sp(l) X • • • x 5p(l) 



Complex groups SL(n,C), SO(n, C) and Sp(n,C) in Table 1 are understood as real groups 
with double number of real parameters. The subgroups D in these groups coincide with maximal 
torus in K. Z 2 denotes a group consisting of two elements and (Z 2 ) m is a direct product of m 
copies of the group Z 2 . 

The nilpotent subgroup TV of G is obtained by exponential mapping from the nilpotent 
subalgebra n of the Lie algebra g. The subalgebra n is constructed by means of the system of 
restricted roots of the pair (g,a). In [53] , examples of construction of subalgebras n are given. 
The subgroup N for the group 50o(l,n) is constructed in [3], Chapter 9. The subgroup N of 
the group SU(l,n) is given in [44j . 

12.2 Cartan decomposition and S-coordinate system on G/K 

The Cartan decomposition of the group G is given by the formula G = KAK. This means that 
each element g € G can be represented in the form of a product khk' , k,k' G K, h G A. However 
the decomposition g = khk' is not unique since kmhk' = khmk' , m £ M. Therefore, taking 
a decomposition of elements of K in the form k = km, m G M, where k are representatives of 
cosets of the homogeneous space K/M, we obtain from the Cartan decomposition g = khk' of 
g G G the decomposition 

g = khk or g = khk. (12.1) 

The set of elements k of K, parametrizing the space K/M, is denoted by (K/M). An ambigu- 
ousness of the decomposition (|12.ip is determined by the relation 

khmk = kmhk, m G M*/M = W, 

where M* is a normalizer of the subgroup A in K. The quotient group W is finite and is called 
a Weyl group of the pair (g, a). Thus, the decomposition (112. 1H will be unique almost for each 
g G G if h is taken from the part A + of the subgroup A, where A + is a closure of the set A + . 
The set A + is characterized by the property that there are no two elements h and h! in A + 
such that h = mh'm~ 1 for some m G M*. The set A + can be constructed in the following way. 
The set A + is the set of all elements h = expTf, H G a, satisfying the conditions ai(H) > 0, 
i = 1,2, . . . ,1, where a«, i = 1, 2, . . . , I, are simple restricted roots of the pair (g, o). The set A + 
coincides with the closure of the set A + in A. Thus, starting from the decomposition 



G = (K/M)A+K, 



(12.2) 
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we obtain the decomposition g = khk, k G (K/M), h G A + , k G K, of elements of the group G. 
According to the formula (|12.2|) . there exists a set (G/K) of representative of cosets of G/K, 

(G/K) = (K/M)A+, (12.3) 

such that to each element of (G/K) there corresponds only one coset in G/K and vise versa. 
If / is a real rank of the group G, then for elements h € A we have 

l 

h = expH = exp(ti#i + t 2 H 2 + ■■■ + = exp UH, (12.4) 

i=i 

where iii , , • • • , H is a basis of the subalgebra a. The part A + of the subgroup A is charac- 
terized by the condition that the parameters t\,t 2 , ■ ■ ■ ,ti of elements h = expH G A + satisfy 

the conditions oti(H) = a^Hi + t 2 H 2 H h ^flj) > 0, i = 1, 2, . . . , I. It follows from (fT23I) 

that for obtaining a parametrization of the space G/K we have to determine a parametrization 
of the "sphere" K/M. It is clear that the space K/M is compact. The numbers t\,t 2 , . . . ,ti 
together with parameters, determining K/M, parametrize the set (G/K). 

A parametrization of the space K/M is not unique. It can be received as follows. Let G' k 
and G' be compact and noncompact connected semisimple real Lie groups with the same com- 
plexification [G]. The pairs (G' , G' k ), corresponding to simple Lie groups G', are given in Table 1. 
Let K 1 be a maximal compact subgroup in G' and let G' = K'A'K' be a Cartan decomposition 
of the group G' . The group G' k is obtained from the group G' by an analytic continuation (in 
the framework of the complexification [G'} of G') of noncompact parameters of the group G' to 
the corresponding compact parameters of the group G' k . It follows from the Cartan decompo- 
sition G' = K'A'K' that we have to make only an analytical continuation of parameters of the 
subgroup A'. As a result of this continuation, we obtain the decomposition G' k = K'A' k K' of 
the group G' k with the commutative subgroup (torus) A' k . If elements of the subgroup A' are of 
the form (|12.4p . then elements of the subgroup A' k are of the form 

i 

~[ex.piipiHi, ^ ipj < 2-7T. (12.5) 
i=i 

The decomposition G' k = K'A' k K' is not unique. The reason is that elements of the subgroup 
M' C K' permute with elements of A',. Therefore, as in the case of noncompact simple real Lie 
groups, we have the decomposition G' k = (K' /M')A' k K' . This decomposition is not unique, since 
elements from M'*/M' = W', as well as elements from the set J = K'f^\A' k , permute with A' k 
(for a noncompact group G' the set J = K' f^\A' consists of one (unit) element). Restricting 
(in an appropriate manner) values of the parameters (p\, (p 2 , ■ ■ ■ , ipi in (|12.5p . we obtain the 
decomposition G' k = (K' /M')A' k + K' . This decomposition leads to the decomposition of the set 

(G'jK'y. 



(G' k /K') = (K'/M')A' k + . (12.6) 



Now we set here G' k = K and K' = M and find 



(K/M) = (M/M')A k + , (12.7) 

where Af~ is a commutative subgroup (torus) in K and M' is a subgroup in K and in M. Note 
that the subgroup M can be nonconnected. Then it is a product of a connected subgroup Mq 
with a finite subgroup Z. In this case the decomposition (|12.6p must be applied to the space 
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K/Mq (not to the space K/M). Then for transition from K/Mq to K/M we have to perform 
an identification of the corresponding values of parameters. 

The relation (|12.7p leads a parametrization of the space K/M to a parametrization of the 
space M/M' such that dim M/M' < dim K/M. We may apply decomposition (|12.6p to the 
set M/M' and reduce its parametrization to a parametrization of a space which has smaller di- 
mension than that of M/M' . Continuing this procedure, after a finite number of steps we obtain 
a parametrization of the whole space K/M, and therefore of the space G/K. A parametriza- 
tion, obtained in this way, corresponds to the chain of subgroups G D K D M D M' D • • • . 
Such coordinate system is an analogue of the spherical system (S-system) of coordinates for the 
hyperboloid H~/[ . For this reason, we call such set of coordinates on G/K a spherical coordinate 
system or an S-system of coordinates. 

Thus, a parametrization of the space G/K was obtained by using the Cartan decompositions 
of the semisimple Lie group G and of the corresponding compact Lie groups G' k . By using 
these decompositions we can receive a G-invariant measure on G/K, expressed in terms of 
the corresponding parameters. If / is a continuous function on G with compact support and 
g = &i(exp H)k2, k\,k<i E K, h = expH E A, then the following formula holds (see [16j): 



G 



f(g)dg 



l 



\w\ 



Jsinha(F) 



a>0 



dH 



f(k\(exp H)k2)dk\dk2, 



(12.8) 



K JK 



where dg and dk are invariant measures on G and K, respectively; the product is over the set of 
positive restricted roots of the pair (q, a) (and each root a appears in the product the number of 
times equal to multiplicity of this root), dH is the Lebesgue measure on the space o, \W\ is an 
order of the Weyl group W of the pair (g, a), and c is a constant, depending on a normalization 
of measures on G, a and K. 
The formula 



G 



f(g)dg 



G/K \JK 



f(xk)dk I dx 



determines an invariant measure dx on G/K. Applying this formula to the relation (|12.8p we 
obtain 



G/K 



f(x)dx = c\ 



1 



W 



\smha(H) 



a>0 



dH I f(y(expH))dy, 

(K/M) 



(12.9) 



where dy is an invariant (with respect to K) measure on K/M. In order to obtain integration 
over A + instead of integration over A = exp a, it is necessary to restrict the integral over a to an 
integral over a + . The set a + consists of elements H E a such that at (H) > for any restricted 
simple root of the pair (g,a). The complete algebra o is obtained from a + by action by 
elements of the Weyl group W (with a subsequent closure) . (Note that for any w\ , W2 E W the 
sets w\a + and W2d + do not intersect if w\ / W2-) Then 



/ f(x)dx = ci / 

JG/K Ja^ 



\ smha(H) 



a>0 



I 

J h 



dH I f(y(ex V H))dy. 

(K/M) 



(12.10) 



This relation reduces a G-invariant measure on G/K to a i^-invariant measure on K/M. In 
order to obtain the latter measure we use the integral relation for G' k , which is an analogue of 
the formula (fLT8|) (see [E]): 



/ f(g)dg = c[ \D(h)\dh [ [ 

JG' J A' JK' JK' 



f (k\hk2)dkidk2. 



(12.11) 
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The function D{h) = D(expiH), H £ a, h £ A' k , is determined by the relation 
D(expiH) = Y[ sma(H). 

The relation (|12.1ip can be easily reduced to the relation similar to (|12.10p . This gives a possi- 
bility to determine a i^-invariant measure on K/M if we set G' K = K and K' = M. 

Remark. The formulas (|12.10p and (|12.1ip contain products over restricted positive roots of 
the pair (g,a). Systems of simple restricted roots (including their multiplicities) of pairs (g, o) 
for all simple noncompact Lie algebras g are given in [15] (see also Table 3 in [H]). A system of 
simple roots determines uniquely a system of the corresponding positive roots. 

12.3 Iwasawa decomposition and T-coordinate system on G/K 

Let G = NAK be an Iwasawa decomposition of the group G. It gives a possibility to parametrize 
the space G/K by means of elements of the subgroup NA. The formula (I12.4p gives a para- 
metrization of the subgroup A by numbers t\, t<i, ■ ■ ■ , U. In order to obtain a parametrization of 
the subgroup N, it is necessary to represent N in the form of a product of the one-parameter 
subgroups exp s a X a corresponding to root elements X a of the algebra g with positive restricted 
roots a. In an analogy with the group 500(1)4), this parametrization of G is called a trans- 
lational system of coordinates on G/K, which is also called a T -system of coordinates. Note 
that for a generic semisimple Lie group G the subgroup iV is not commutative. The subgroup 
N = exp n is commutative if and only if the corresponding Lie algebra n is commutative. A com- 
mutativity of the algebra n is determined by means of a root system of the pair (g, a). If along 
with roots a and (3 there exists a root a + (5 (or along with a root a there exists a root 2a), 
then for the corresponding root subspaces we have [fl a ,fl^] C Q a +p- This leads to a violation of 
commutativity in n and, therefore, in N. Analyzing systems of simple restricted roots of simple 
real Lie algebras (see, for example, [S]), we conclude that a subgroup N is commutative only 
for the groups SOo(l,n). 

Using the Iwasawa decomposition G = NAK, it is possible to find a G-invariant measure 
on G/K, expressed in the T-coordinate system. If / is a continuous function with a compact 
support and g = nhk, n £ N, h £ A, k £ K, then (see, for example, [TO] ) 

f f{g)dg= [[[ f(nhk)e 2p(losh) dndhdk, 

Jg Jk J a Jn 

where dg, dn, dh and dk are invariant measures on G, N , A and K, respectively, and p = ^ ^ a. 
Therefore, if an element x £ G/K is represented by an element nh £ NA, then 

( f(x)dx= [ [ f(nh)e 2 ^° sh Undh, (12.12) 
J G/K J A Jn 

where dx is a G-invariant measure on G/K. 

12.4 Iwasawa decomposition and O-coordinate system on G/K 

Using the Iwasawa decomposition G = NAK of the group G, we represent G in the form 

G = (NM)AK, (12.13) 

where NM is a closed subgroup of G. Since MNM~ l C N , then the sub group NM is a semidi- 
rect product of the subgroup M and the normal subgroup N . The most interesting case is when 
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NM is a semidirect product of the compact subgroup M and the commutative subgroup N. As 
we know this is the case when G = SOq(1,u). For this group the subgroup NM is isomorphic 
to the group ISO{n — 1) (see, for example, [3], Chapter 9). 

The decomposition (|12.13p is not unique. Indeed, elements of the subgroup A commute with 
elements of M. In order to obtain non-ambiguous decomposition we have to take the space 
NM/M instead of the space NM. Then for (G/K) we have the decomposition 

(G/K) = (NM/M) A, (12.14) 

where (NM/M) is the set of representatives of cosets of the quotient space NM/M. We take 
a parametrization of the subgroup A by the numbers t\,ti, ■ ■ ■ Choosing a parametrization 
of the quotient space NM/M we obtain, according to the formula (|12.4j) . a parametrization of 
the space G/K. This parametrization is called orispherical. It is also called an '-coordinate 
system on G/K. Note that one of possibilities for parametrization of (NM/M) is given by the 
T-system of coordinates. 

If we choose (according to a parametrization of the space NM/M) representatives y 6 NM 
of cosets of NM/M and set x = yh £ (G/K), then we have the integral relation 

/ f(x)dx= ! dy [ f(yh)e 2 ^°^dh, (12.15) 
Jg/k Jnm/m J a 

where dh is an invariant measure on A, dx is a G-invariant measure on G/K, and dy is a NM- 
invariant measure on NM/M. 



12.5 Generalized Cartan decomposition 

Let G be a semisimple noncompact connected linear real Lie group and let g be its Lie algebra. 
There exists an involutive Cartan automorphism 9 on g such that g decomposes into a direct sum 
of eigenspaces of 9 as g = 6+p (the Cartan decomposition), where t corresponds to eigenvalue +1 
and p corresponds to eigenvalue —1. Under transition from g to G, to the automorphism 9 of g 
there corresponds the automorphism G of G. The set of points of G, which are invariant with 
respect to 0, coincides with the maximal compact subgroup K of G. The homogeneous space 
G/K is a Riemannian symmetric space, which is called a hyperboloid. Thus, we associate 
a Riemannian symmetric space with the involutive Cartan automorphism 9 of g. 

However, the Lie algebra g can have other involutive automorphisms, that is, automorphisms 
with noncompact stationary subgroup. Let r be such an automorphism of g. Then g decomposes 
into a direct sum of eigenspaces of r with eigenvalues ±1 (since r 2 = 1, other eigenvalues cannot 
exist). Let this decomposition be of the form 

g = b + q, (12.16) 

where b belongs to eigenvalue +1 and q to eigenvalue —1. Since r is an automorphism, then the 
eigenvalues show that 

[M] c b, 

that is, b is a subalgebra of g. Let T be an automorphism of the group G, corresponding to the 
automorphism r of g, and let G T be a closed subgroup of G consisting of all points of G invariant 
under T. A connected component of the unit element in G T will be denoted by G®. If H is 
a subgroup of G such that G® C H C G T , then the homogeneous space G/H is called symmetric. 
Since the subgroup H is not compact, a quotient space G/H is called pseudo- Riemannian or 
affine symmetric space. The group G is a motion group of the pseudo-Riemannian symmetric 
space G/H. A classification of pseudo-Riemannian symmetric spaces is given in f45j. 
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With a pseudo-Riemannian symmetric space with the transitive motion group G a generalized 
Cartan decomposition of G is connected. For simplicity, we shall consider only those pseudo- 
Riemannian symmetric spaces for which the automorphism r is determined by a signature of 
the set of restricted roots of the pair (g, o) (see [IS]). 

Let S be a set of all restricted roots of the pair (g, a). A mapping e of roots of £ to the set 
{+1, —1} is called a signature of £ if 

(a) e{a) = e(— a), a £ £; 

(b) if a, f3, a + (3 are restricted roots, then e(a + (3) = e{a)e{j3). 
The Lie algebra g can be represented in the form 

g = m + a+ ^2 9a, 




where g Q is a root subspace corresponding to a root a £ £. Using a signature e, we give an 
automorphism 9 £ on g such that 

(a) 9 £ {X) = e(a)9(X), X £ g a , where 9 is the involutive Cartan automorphism, introduced 
above; 

(b) 9 £ {X) = X for X £ m + a. 

It is easy to show that 9 e is an involutive automorphism of g such that 9 £ ^ 9 for a nontrivial 
signature eonE. 

We write down the decomposition (|12.16p for the automorphism 9 e in the form 



where t £ is a Lie subalgebra (noncompact) in g. We have m C t e and a C p e . 

If the automorphism 9 e can be continued to an automorphism of G, we denote this automor- 
phism of G by 6 e . Let (K £ )q be an analytical subgroup of G with the Lie algebra t £ . We set 
K £ = (K £ )qM. Since the connected component Mq of the unit element in the subgroup M is 
contained in (K £ )q (since m C t e ), then K £ = (K £ )qZ, where Z is a discrete subgroup such that 
M = MqZ. The subgroups {K £ )q and K £ have the following properties (see [35] : 

(a) for each m £ M we have m(K £ )Qm~ l C (K £ )q; 

(b) K £ is a closed subgroup of G and Q £ k = k for each k £ K £ . 

Let us give a classification of pairs (G,K £ ) for simple Lie groups G. A pair (G,K E ) is 
determined by the corresponding pair (g,E £ ) for the Lie algebra g. In order to classify pairs 
(g,6 £ ) with a simple Lie algebra g, we consider signatures of the corresponding root system E. 
These signatures can be easily described as follows. Let a%, ot2, • • • , a>i be simple restricted roots 
of the pair (g, a). Each restricted root a £ £ can be represented uniquely in the form 




= ^ + p 



(12.17) 




(12.18) 



Let Ej (j = 1, 2, ... , I) be a signature of E such that Sj(a) = (—l) mj , where rrij is determined 
by the decomposition f)12. 181) . Then any signature e of the root system E reduces to some 
signature ej, namely, for any signature e there exists an element w of the Weyl group W and 
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an integer j (1 ^ j ^ I) such that for each a 6 £ we have e(a) = Ej(wa) (see [H]). Thus, any 
signature e can be transformed to some signature £,-. 

Let us describe signatures £,• and the corresponding systems of roots S E , where X £ is a set of 
roots a from £ for which e(a) = 1. 

Let a root system £ coincide with the root system Ai, I ^ 1. We have signatures 

ej, 2j<l + l. 
The corresponding £ £j coincide respectively with the root systems 

Let a root system £ coincide with the root system B[, I ^ 2. We have signatures 

Ej, j < /. 

The corresponding £ £j coincide respectively with the root systems 
Bi-j + Dj. 

Let £ coincide with the root system BC[, 1^1. We have signatures 

Ej, j < I 

The corresponding £ £j coincide respectively with the root systems 
BCi-j + Cj. 

Let £ coincide with the root system Cj, Z ^ 3. We have signatures 

The corresponding £ £j coincide respectively with the root systems 

Q.j + Cj if 2j < J 

and 

A; for ej. 

Lei £ coincide with the root system Ai 1^4. Then we have signatures 

£j, 2j ^ I, ei-x, E\. 

The corresponding E £j coincide respectively with the root systems 

A-i + £>j if 2j < / 

and 

A\ for Ei-\ and 
Zet S coincide with the root system Eq. We have signatures 
El and £2. 
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Then the corresponding T, £ . coincide respectively with the root systems 
D5 for £\ 

and 

A ± + A 5 for e 2 . 

Let a root system E coincide with the root system £7. We have signatures 

Ej, 3 = 1,2,7. 

The corresponding E e . coincide respectively with the root systems 

Ax + D 6 for si , 
A 7 for e 2 , 
Eq for £7. 

£e£ S coincide with the root system Eg. We have signatures 

Ej, j = l,8. 

The corresponding E £j coincide respectively with the root systems 
D$ for £\ 

and 

A\ + £7 for e 8 . 
Let E coincide with the root system F±. We have signatures 

Ej, i = 1,4. 

The corresponding E £j coincide respectively with the root system 

A 1 + C 3 for £1 
and with root system 

£?4 for £4 . 

Lei a rooi system E coincide with the root system Gi- Then we have only one signature £ = 1. 
The corresponding E £j is the root system of 

A x +A x . 

For a fixed E, there can be several corresponding pairs (g,t e ). Let us give a list of possible 
subalgebras 6 £ for classical simple real Lie algebras: 



= sl(/ + l,C) : 




= su(/ — 




= sl(Z + l,R) : 


e, 


= so(/ — 


j + 0^2i<Z; 


g = su*(2/ + 2) : 


e £ 


= sp(/ - 


j + l,j), 0^2j^l; 


= su(Z + m,l) : 


e £ 


= su(/ + 


m~ +su(l -j,j) +so(2), m^l 


= su(Z,Z) : 


e £ 


= su(Z — 


i,j)+su(/-j,i)+so(2), 0^2j 
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= su(Z,Z): 6 e =sl(/,C) +R; 
g = so(2Z + 1, C) : t e = so(2Z - 2j + 1, 2j), < j < Z; 

S = so(2Z, C) : 6 £ = so(2Z - 2j, 2j), < j < I; 

= so(2Z,C): 6 £ = so*(2Z); 

= so(Z + m,Z): te = so(Z - j + m, j) + so(Z - j, j), m &t 1, < j < Z; 

= so(Z,Z): 6 £ = so(/ - j, j) +so(Z - j,j), SC 2j < Z; 

= so(Z,Z): 6 £ = so(Z,C); 

g = so*(4Z + 2) : 6 £ = u(2Z - 2j + 1, 2j), < 2j < Z; 

fl = so*(4Z) : 6 £ = u(2Z - 2j, 2j), < 2j < Z; 

= so*(4Z): 6 £ = su*(2Z) +so(l,l); 

= sp(Z,C): 6 £ = sp(Z-j,i), 0^2j^Z; 

= sp(Z,C): e £ = sp(Z,M); 

= sp(Z,R): e £ = u(Z-j,i), ^ 2j < Z; 

= sp(Z,M): e £ = gl(Z,R); 

= sp(Z + m,Z): 6 £ = sp(Z +m - j, j) + sp(Z - j, j), m > 1, < j < Z; 

= sp(Z,Z): 6 £ = sp(Z — j,j) + sp(Z — < 2j < Z; 

= sp(Z,Z): e £ = sp(Z,C). 

A generalized Cartan decomposition of the Lie group G with respect to a pair of subgroups 
(K e ,K) has a form 

G = K £ AK (12.19) 
(see 05]). If 

k\h\ki = /c2^2^2) ki,k2 G -fQ, hi,Ii2 G -A, &i,&2 ^ ^ 

then 

12.6 Generalized Cartan decomposition and incoordinate systems on G/K 

The decomposition ()12. 19|) does not give a unique decomposition g = khk! of elements g G G 
into a product of elements of K e , A and i^. In order to have a unique decomposition we use 
the following procedure. Let a+ denote the set of all elements H G a for which a(H) > for 
each a G , where is the set of positive roots in T, £ . Let Af = exp a+ . We denote a set 
of representatives of cosets of K £ /M by {K £ /M). Then almost each element g G G decomposes 
uniquely as a product 

g = yhk, y G (K E /M), h G A+, k£K (12.20) 

(see |46|). Note that the set does not coincide with the set A + in (|12.2p . Moreover, the 
set Af is a union of the sets wA + , where w runs over a part of elements (including the unit 
element) of the Weyl group W of the pair (0, a). 

Taking into account the unique decomposition (|12.20p . we can state that the space G/K is 
parametrized almost everywhere by elements from (K e /M)Af . A parametrization of Af can 
be obtained from (|12.4|) . if we introduce necessary restrictions upon values of the parameters 
h,t2, ■ ■ ■ ,U- 
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Thus, a parametrization of the space G/K (by using the generalized Cartan decomposition) 
is reduced to a parametrization of the space K £ /M. Generally speaking, it is possible to choose 
many coordinate systems on K £ /M. To each of such coordinate systems on K £ /M there corre- 
sponds a coordinate system on G/K. These coordinate systems on G/K are called hyperbolic 
or H-systems. 

A group G may have many subgroups K e . To each of these subgroups there corresponds its 
coordinate systems on G/K. 

Remark. The generalized Cartan decomposition (|12.19[) can be written in the form G = KAK £ . 
This form of the decomposition can be used for parametrization of the pseudo-Riemannian sym- 
metric space G/K £ . This space is an analogue of the one-sheeted hyperboloid SOq(1,A)/SOq(1, 3) 
in the 5-dimensional Minkowski space-time. The space G/K £ can be parametrized by elements 
from (K/M)Af; then the corresponding parametrization gives an analogue of the spherical 
coordinate system on SOo(1,A)/SOq(1, 3). 

12.7 Iwasawa decomposition and S-coordinate systems on G/MN 

Let G = KAN be an Iwasawa decomposition of the group G. We represent elements of K in the 
form of the product k = km, m G M, where k is an element of K representing a coset of K/M 
containing the element k. The set of elements k is denoted as (K/M). Then the decomposition 
G = KAN can be written as G = (K/M)MAN = (K/M)AMN. Therefore, 

(G/MN) = (K/M) A, (12.21) 

where (G/MN) is a set of representatives of cosets in G/MN. The relation (I12.4h gives 
a parametrization of elements h 6 A by the parameters t±, t2, ■ ■ ■ , ij. Thus, according to (j!2.21|) 
a parametrization of the space G/MN is reduced to a parametrization of the space K/M. A pro- 
cedure of the latter parametrization was described above. In analogy with the parametrization 
of the upper sheet of the cone C± (related to the group G = SOo(l,4)), we call the coordinate 
system given by this parametrization of G/MN spherical or the S-coordinate system. 

Comparing the relations (|12.3p and (I12.21j) . we see that ^-coordinate systems on G/K and 
on G/MN almost coincide. A difference consists in the fact that for the parametrization of 
G/MN the whole subgroup A is used, whereas for the parametrization of the space G/K we 
used only its part A + . 

In order to obtain a G-invariant measure on G/MN we use the integral relation 

f f(g)dg= III f(khn)e 2p{Xo ^dndhdk, (12.22) 
J G JK J A Jn 

where dg, dk, dh and dn are invariant measures on G, K, A and N, respectively. If k = km, 
me M,k e (K/M), then 

f f(k)dk= I I f(km)dmdk, 
JK J (K/M) JM 

where dk is a X-invariant measure on (K/M). It follows from (|12.22p that for (G/K) 3 x = 
kh £ (K/M) A we have 

f f(x)dx= I I f(kh)e 2 ^ logh Uhdk, (12.23) 

J G/K J (K/M) J A 



where dx is a G-invariant measure on G/K. 
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12.8 Gelfand— Naimark— Bruhat decomposition 
and T-coordinate systems on G/MN 



The decomposition of the Lie algebra g into root subspaces is of the form 



g = m + a+ y^g. 



where £ is the set of restricted roots of the pair (g, a). We separate here the subspace n = Yl Q a , 

where the summation is over all negative restricted roots of the pair (g, a). It is easy to see that 
n is a nilpotent subalgebra in g. Besides, ft is obtained from n by acting by the involutive Cartan 
automorphism 9: On = fi. We denote by N the analytical subgroup in G with the Lie algebra n. 
The set NAMN is everywhere dense in G and almost each element g £ G decomposes uniquely 
as a product g = hhmn, n £ N , h £ A, m £ M, n £ N (see [481 ) . This decomposition of G is 
called the Gelfand-Naimark-Bruhat decomposition. We have 



The equality here is understood in the sense that NA is everywhere dense in (G/MN). The 
relation (|12.4p gives a parametrization of the subgroup A by numbers £i, <2, ■ ■ ■ , t\- 

Thus, a parametrization of the space G/MN is reduced to a parametrization of the sub- 
group N. This subgroup can be parametrized by representing N in a form of a product of one 
parameter subgroups expg Q . This parametrization is called translational (T- system of coordi- 
nates on G/MN). The most interesting case is when the subgroup N is commutative. It is 
when G = SOo(l,n). 

As we have seen, the T-coordinate system on G/K is introduced by means of the subgroup NA 
which differs from the subgroup NA in (j!2.24|) . However, it can be done that parametrizations of 
the corresponding subgroups N and N (by means of which T-coordinate systems are introduced 
on G/K and G/MN) will coincide with each other. For this aim we parametrize the set G/K 
starting from the Iwasawa decomposition G = NAK of G. Then parametrizations of G/K and 
G/MN are fulfilled by means of parameters of the same set NA. 

A G-invariant measure dx on G/MN in the T-coordinate system is determined by the relation 



where x represents the element nh £ NA, and dn and dh are invariant measures on N and A, 
respectively. 

12.9 Gelfand— Naimark— Bruhat decomposition 
and O-coordinate systems on G/MN 

Let G = NAMN be the Gelfand-Naimark-Bruhat decomposition of the group G, where the 
equality is understood on a dense subspace in G. It can be represented in the form 



where JVM is a closed subgroup in G. This decomposition is not unique. Since elements of the 
subgroup A commute with elements of M, then for obtaining a unique decomposition we have 
to take a set of representatives y of cosets of NM/M instead of the subgroup NM. We denote 
the set of these representative by (NM/M). It follows from (|12.25|) that G = (NM/M)AMN, 
where the equality is understood on a dense subspace of G. Thus, 



(G/MN) = NA. 



(12.24) 




G = (NM)AMN, 



(12.25) 



(G/MN) = (NM/M) A. 



(12.26) 
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The relation (|12.4p gives a parametrization of the subgroup A by numbers ti,<2,. . . The 
relation (|12.26|) reduces a parametrization of the space G/MN to a parametrization of the space 
(NM/M). A parametrization of the cone G/MN, obtained in this way, is called orispherical (O- 
coordinate system). The O-coordinate system on the cone C± for G = £Oo(l,4) was considered 
in Section 8. 

The most interesting case is when the subgroup iV is commutative, that is, when G = 
SOo(l,n). In this case, the subgroup NM is isomorphic to the group ISO{n — 1) (see [3], 
Chapter 9). 

Comparing the parametrizations (|12. 14[) and (|12.26p of the spaces G/K and G/MN, we see 
that they differ by appearing different nilpotent subgroups N and N. Replacing the Iwasawa 
decomposition G = NAK by the decomposition G = NAK we obtain the relation 

(G/K) = (NM/M) A (12.27) 

instead of the relation (|12.14p . Then the spaces G/K and G/MN are parametrized by the same 
sets. 

A G- invariant measure dx on G/MN in the O-coordinate system is determined by the integral 
relation 

/ f(x)dx= [ [ f(yh)e 2 ^ h Uhdy, 

J G/MN J {NM/M) J A 

where dy is an A^M-invariant measure on (NM/M). 



12.10 Generalized Iwasawa decomposition 

The generalized Iwasawa decompositions are constructed by means of subgroups of G used for 
construction of the generalized Cartan decomposition of G. 

Let M* be a normalizer of the subgroup A in K. We set M* = K E f| M* and W £ = M*/M. 
Then W £ is a symmetry group for the system of roots T, £ (see |46| ) . 

Elements of the quotient space W e \W can be represented by elements W\ = l,u>2, ■ ■■ ,w r of 
the subgroup M* which do not belong to M*. The integer r is equal to the order of the quotient 
space W £ \W . 

We create the sets K £ WiAN , i = 1, 2, . . . , r. Then 

(a) if kwihn = k'vjjh'n' with k,k! G K £ , h,h' G A, n,n' G N, then k = k',i = j,h = h! , 
n = n'; 

(b) the mapping (k, h, n) — ► kwihn is an analytic diffeomorphism of the manifold K £ x A x N 
onto K £ WiAN (i = 1, 2, . . . , r); 

(c) the set UI=i K £ WiAN is open and everywhere dense in G (see [H]). Thus, 

r 

G={J K eWi AN. (12.28) 

8=1 

This equality is true on a dense manifold of G. 

According to these assertions, almost each element g G G can be uniquely decomposed into 
a product 

g = kwihn, k G K £ , 1 ^ i ^ r, h G A, n G N. 

The equality (|12.28[) is called a generalized Iwasawa decomposition of the group G. This decom- 
position is written for those pseudo-Riemannian symmetric spaces G/K £ , which are associated 
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with the corresponding signatures s of the root system S. These symmetric spaces do not exhaust 
all pseudo-Riemannian symmetric spaces (see |45j). However, the decomposition (|12.28|) can be 
generalized to any pseudo-Riemannian symmetric space |49j . We consider the decomposition 
(|12.28p only for spaces determined by signatures e of the root system E. 

Integral relations for the usual Iwasawa decomposition of the group G can be generalized to 
generalized Iwasawa decompositions. We have 

[f(g)dg = y^f [ [ f(k Wi hn)e 2 ^ oeh ^dndhdk, (12.29) 
JG ~[ JK e J A JN 

where / is a continuous function on G with a compact support, and dg, dk, dh, dn are invariant 
measures on G, K £ , A and N, respectively. This relation is true for an appropriate normalization 
of the measures. In another case, the right hand side must be multiplied by a constant. 

12.11 Generalized Iwasawa decomposition 

and ii-coordinate systems on G/MN 

Let us write down the relation (|12.28p in the form 

r 

G=\J K £Wi AMN, 
i=i 

where the equality is understood on a dense manifold in G. Since AM = MA and WiMw' 1 = M, 
it can be represented as 

r 

G =[J(K £ /M)wiAMN, (12.30) 
i=i 

where (K e /M) is a set of representatives of cosets of the quotient space K e /M. The decompo- 
sition (|12.30p obeys the following property: If 

ywihmn = y'wjh'm'n , y,y' G (K £ /M), h, h' G A, m,m' G M, n,n' G N, 

then y = y' , i = j, h = h! , m = m', n = n'. By other words, almost every element g G G can be 
uniquely decomposed product 

g = ywihmn, y G (K e /M), 1 ^ i r, h G A, m G M, n G N. 

We obtain from the decomposition (|12.30p that 

r 

(G/MN) = \J(K £ /M) Wl A, (12.31) 
i=i 

where the equality is understood on a dense (in G/MN) set. The relation (|12.4[) gives a para- 
metrization of the subgroup A by the numbers t±,t2, ■ ■ ■ ,t[. Therefore, the relation (|12.3ip 
reduces a parametrization of the space G/MN to a parametrization of the quotient space K e /M. 
A parametrization of the cone G/MN, obtained in this way, is called hyperbolic. The correspon- 
ding coordinate system is called H- system of coordinates. Clearly, to different subgroups K e 
there corresponds different coordinate systems on G/MN. 

Remark. The generalized Iwasawa decomposition (|12.28p can be written as 

r 

G=\jNA Wi K £ . 

i=l 

This relation can be used for parametrization of the pseudo-Riemannian symmetric space G/K £ 
by elements of the set NA (J ./V Aw2 |J • • • |J NAw r . As a result, one obtains a T-coordinate 
system on G/K £ . 
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13 Spectra of quasi-regular representations of G 
on functions on G/K and on G/MN 

13.1 Quasi-regular representations of G 

We consider the Hilbert space L 2 (G/K) of functions on the hyperboloid G/K and the Hilbert 
space L 2 (G/MN) of functions on the cone G/MN with respect to G-invariant measures on G/K 
and G/MN, respectively. The group G acts on G/K and G/MN as a transitive motion group. 
To each element g G G there corresponds transformation x — ► of points of G/K and 

of points of G/MN. If some coordinate system is introduced on G/K (on G/MN) then this 
transform can be written in terms of the corresponding coordinates. 

The transform x — > g~ 1 x on G/K and on G/MN gives a possibility to introduce unitary 
representations on L 2 (G/K) and on L 2 (G/MN). These representations are given by the formula 

ir(g)f(x) = f(g- 1 x), x e G/K or G/MN, (13.1) 

and are called quasi-regular. The quasi-regular representation on G/K will be denoted by ir H 
and on G/MN by tt c . 

One of the main problems of our paper is to construct orthogonal bases on the Hilbert spaces 
L 2 (G/K) and L 2 (G/MN) for each coordinate system introduced above. To each coordinate 
system there corresponds a chain of subgroups of G: 

S'-system: G D K D • • • , 

T-system: G D N D ■ ■ ■ , 

0-system: G D NM D ■■■ , 

H -system: G D K e D • • • . 

There are several choices for each of these chains. An explicit form of other subgroups gives 
different varieties of a fixed type of coordinate systems. We do not consider them. As in the 
case of the group G = 50o(l,4), most interesting bases of L 2 (G/K) and L 2 (G/MN) are bases 
with separated variables. Irreducible representations of the group G and of its subgroups are 
realized on parts of the corresponding bases. These basis functions are eigenfunctions of opera- 
tors invariant with respect to the group G and its subgroups associated with the corresponding 
coordinate system (see the case G = SOo(l,4)). Eigenvalues of these operators (and also other 
indices if invariant operators have multiple eigenvalues) characterize basis functions. Therefore, 
we have to know a list of irreducible representations which are contained in the quasi-regular 
representations on L 2 (G/K) and on L 2 (G/MN) (these representations determine eigenvalues of 
the corresponding invariant operators). We also have to find decompositions of the irreducible 
representations of G, which are contained in the decomposition of the quasi-regular representa- 
tions, into irreducible representations of the corresponding subgroups. These representations of 
subgroups determine a part of indices characterizing basis functions. 

13.2 Decomposition of quasi-regular representation ir H 

Let T be a space of real linear forms on the subalgebra a of the Lie algebra q. The subset of J-, 
consisting of linear form A for which (A, on) ^ for each simple restricted root on of the pair (g, o), 
is denoted by J- + . Let n$\ be a principal nonunitary series representation of the group G from 
section 10. We are interested in representations ir$\ of class 1 with respect to the subgroup K 
(that is, in representations tt$\, which contain a trivial representation of K). A restriction tts\\k 
of the representation upon the subgroup K contains an irreducible representation uj of this 
subgroup if and only if a restriction of u upon the subgroup M contains the representation 5 
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of M (see [H]). Therefore, the representation irs\ is of class 1 with respect to K if and only 
if 5 is the trivial representation of the subgroup M. Such representations 7^ will be denoted 
by tt\. The representations tt\, for which A + p (where p is the half-sum of positive restricted 
roots) are pure imaginary linear forms, are unitary (see, for example, [E]). They constitute 
class 1 representations of the principal unitary series of the group G. These representations are 
irreducible. In the class of the unitary representations 7r\, A G \T — p, equivalence relations 
exist. Namely, representations ir\ and ir\' are equivalent if and only if A' = w(X + p) — p, 
w G W. In order to obtain non-equivalent representations we have to restrict ourselves by the 
representations tt\, A G LF+ — p. 

Let g G G and k G K. Then for the element g~ l k we have a decomposition 

g~ x k = kghn, kg G K, h G A, n G N 

(the Iwasawa decomposition). We represent the element h in this decomposition in the form 

h = expHig^k), H{g~ l k) G o. 

By means of this element we introduce a Fourier transform of functions on G/K. If / G 
C£°(G/K), where C^°(G/K) is the set of infinitely differentiable functions on G/K with com- 
pact support, then / can be considered as a function on G which is constant on cosets from 
G/K. A Fourier transform of the function / is a function on K/M x T determined by 

f (%,*)= I f(g)exp{(-iu-p)[H(g~ 1 k)]}dg, v^T, (13.2) 
JG 

where k is the coset in K/M which contains the element k G K. The function f(k,u) can 
be represented as a function on K constant on cosets of K/M. Let us prove that if f(g) 
transforms under action of G by quasi-regular representation tt h of G, then f(k,u) transforms 
under the representation tt\ = 7r_i„„p of the principal unitary series. Indeed, if f(g) is replaced 
by F(g) := iT H (go)f(g) = f(gQ 1 g), then the function (|13.2p is replaced by 

! f{g^ 1 g)^ V {{-w-p)[H{g- 1 k)]}dg= [ f(g)exp{(-iu-p)[H(g- 1 g^k)]}dg. (13.3) 
JG JG 

Let us analyze the expression H(g~ 1 gQ 1 k). Since 
<7q k = kg hn, g k go = {k go )gh n , 

then 

g^g^k = (k go )gh'hn"n = (k go ) g eyip[H(g~ 1 kg )}exp[H(gQ 1 k)]n"n. 
Therefore, 

Hig-^k) = Hig^kg,) + H(g^k). 

Then 

exp{(-k, - p)[H(g- l g^k)}} = exp{(-w - p)[H (g~ l k go )}} exp{(-w - p)[H(g^k)}}. 
Substituting this expression into (I13.3|) . we obtain that under the transition 

f(9)^^ H (go)f(g) = f(9o 1 g) 
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the function f(k,v) turns into the function 

exp{(-ii/ - p)[H(g l k)]} [ f(g) exp{(-w - p)[H(g~ l k go )]}dg 

JG 

= exp{(-hv - p)[H{g^ l k)]}f(k gQ , v) = TV- iu - p (go)f(k,u). 

This proves our assertion. 

The transform ()13.2j) at fixed v is called a Poisson transform on G/K (see [51]). The 
function f(g) from (|13.2p can be restored by means of the function f{k, v) as |51j 



f(9) = \W\~ 1 f(k,v)exp{(w-p)[H(g~ 1 k)]}\c(v)r 2 dkdv. (13.4) 

JT jk/m 

Moreover, the Plancherel formula 

\fm 2 d~g = \W\- 1 I [ \f{k,v)\ 2 \c{v)\~ 2 dkdv (13.5) 

G/K JT JK/M 

holds. In (|13.4p and (|13.5p . \W\ means an order of the Weyl group W, dg is a G-invariant 
measure on G/K, dk is a fT-invariant measure on K/M, and dv is the Lebesgue measure on T . 
The multiplier c(v) in the Plancherel measure \c(v)\~ 2 dv is determined by the formula 

c{v) = I exp{{-iv - p)[H(n)]}dn = (13.6) 

Here H{n) is determined by the Iwasawa decomposition fi = k exp[H(n)]n, k G K , n £ N , 
H(n) € a, of the element fi G N, and dn is the normalized measure on N (see [IS]). For I(v) 
the following formula holds: 

IM= n B (^,?m + M), (13 ,) 

where S + is the set of positive restricted roots of the pair (g, a) (without taking into account 
multiplicities), m(a) is a multiplicity of the root a, and B(., .) is the beta-function. The formulas 
(|13.6p and (|13.7p determine the Plancherel measure in (|13.4p and (|13.5p . A proof of formulas 
(I13.4p - (ll3.7p can be found in |15j. Note that formulas (j!3.2[) (j!3.5[) demand certain normaliza- 
tion of the measures dg, dk and dv. A violation of this normalization leads to multiplication of 
expressions by constants. 

The function f(k,v} on K/M x T satisfies the additional condition (see |50| ) 

\f(k,v)\ 2 \c{v)\- 2 dkdv = [ [ \f(k,wu)\ 2 \c{v)\- 2 dkdv, 

' T J K/M JT JK/M 

where w is any element of the Weyl group W. Hence, the relation (I13.5P can be written in the 
form 

\f(g)\ 2 d~g= [ [ \f{k,v)\ 2 \c{u)\- 2 dkdv. (13.8) 
G/K JF+ JK/M 

Formulas ([T3T2]) . (fT3^|) and (fKTSj) can be continued onto the spaces L 2 (G/K) and L 2 (K/M x 
JF + ) (the latter space is taken with respect to the measure \c{y)\~ 2 dk dv) . Then they give 
a decomposition of the quasi-regular representation ir H of the group G into irreducible unitary 
constituents. According to this decomposition we may state that the representation 7r H of G 
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decomposes into a direct integral of the unitary representations tt\ = it\ v - p , v G J r+ , of G and 
each of these representations appears in the decomposition only once: 

ir H = ®TTiu- P \c{v)\- 2 dv. 
JT+ 

In order to separate in L 2 (G/K) those spaces, on which irreducible representations tt- w - p are 
realized, we have to take by means of the integral transform (see formula (|13.4p ) 

/ f{k,v)e^{{iv- p)\H{g~ l k)]}dk (13.9) 

JK/M 

an image in L 2 (G/K) of the space L 2 {K/M) = Lq(K), on which ir- w _ p is realized. 



13.3 Decomposition of quasi-regular representation iz c 

The problem of decomposition of the quasi-regular representation ir c into irreducible represen- 
tations of G can be solved by means of the usual Fourier transform on the commutative group A. 
Let C^°(G/MN) be the space of infinitely differentiable functions on G/MN with a compact 
support. This space is everywhere dense in L 2 (G/MN). Functions / G C™(G/MN) are con- 
sidered as functions f(k,h) on [K/M)A (see subsection 11.7). For these functions the following 
transform can be constructed: 

f(k,u) = / f(k,h)exp{(iu + p)(logh)}dh, v G T. (13.10) 

J A 

It is easy to see that 

f(k,h) = J f(k,v)exp{(-w - p)(\ogh)}dv, (13.11) 

and the Plancherel formula 

f \f{x)\ 2 dx= f dk [ \f(k,h)\ 2 e 2p{losh) dh= [ dk f \f{k,u)\ 2 dv (13.12) 
Jg/mn Jk/m J a Jk/m Jt 

holds. 

Formulas (j!3.1Uj) (|13.12j) can be continued to the spaces L 2 (G/MN) and L 2 (K/M x T). 
Using the formula (|13.10p it is easy to show that if a function f(k, h) G L 2 (G/MN) transforms 
under the representation n , then the function f{k,v) at each fixed v transforms under the 

irreducible unitary representation 7T \y p of the group G. Since fi^k^fij^ ss £l function on A, 

does not satisfy additional conditions, then f(k, v), as a function on J 7 , also does not satisfy any 
additional conditions. Formulas (|13.10p ~ (|13.12p give a decomposition of the representation tt c 
of the group G into irreducible representations Tt\ v - P of G: 

tt c = J ®K- xv ^ p dv. 

The representations ^\ v - p and ~n w ^ v )- p are unitary equivalent for any w G W and other equiva- 
lence relations in the set of the representations t^\ u ~ p do not exist. Hence, the representation tt c 
decomposes into a direct integral of all irreducible class 1 representations of the principal unitary 
series, and each of these representations is contained in the decomposition \W\ times, where \W\ 
is an order of the group W. 
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In order to separate in L 2 (G/MN) a subspace of functions which are transformed under the 
irreducible representation tt\ u ^ p it is necessary to make the integral transform 

f(k,h;v) = [ f(k,hti)e-^-^ lo z h 'Uti. (13.13) 

J A 

(Speaking in a mathematically strict way, this space can be separated not in L 2 (G/MN), but in 
the space of infinitely differential functions on G/MN .) The functions (| 13. 13|) are homogeneous 
in h of homogeneity degree {iv — p). It is easy to show that f(k, h; v) are functions on the cone 
G/MN ~ (K/M)A and are transformed under the representation n- lv — p . 

Let us consider other spectral problems, in particular, restrictions of representations tt\ of 
the group G onto the subgroups K, N, NM, K £ , and decompositions of these restrictions into 
irreducible constituents. 



13.4 Restriction of representations iz\ onto K 

A multiplicity of an irreducible unitary representation cj of the subgroup K in tt\Ik coincides 
with a multiplicity of the unit (identity) representation of the subgroup M in u)[ M . This state- 
ment solves completely the problem of restriction of tt\ onto K. It is known [50] that if the 
group G is of real rank 1 (that is, G coincides with one of the groups SU(l,n), SOo(l,n), 
Sp(l,n), F^_2Q)), then the restriction tt\\k decomposes into a sum of all irreducible representa- 
tions of K which are of class 1 with respect to M and their multiplicities in the decomposition 
are equal to 1. 



13.5 Restriction of representations iz\ onto iV 

The representation tt\ can be realized as follows. We take functions / on G satisfying the 
condition 

f(g) = f(xmnh) = exp(-A(log h))f{x), (13.14) 

where x are representatives of cosets of G/MN A. We construct a Hilbert space of such functions 
with the norm 

\f(k)\ 2 dk. (13.15) 

K 

The representation ir\ is realized in this space by the formula 

n\(go)f(g) = fig^g), go e G. 

Functions / satisfying the condition (|13.14p are determined uniquely by their values on rep- 
resentatives x. Therefore, tt\ can be realized on functions f(x). In order to give an action 
of the operators Tt\(g) on functions f(x) we take into account that -K\(g)f(x) = f(g~ 1 x) and 
decompose g~ l x into a product of elements of X, M, N and A (where X denotes the set of 
representatives x): 

g~ l x = x g m'n'hg. (13.16) 

Since f{g~ x x) = f(x g m'n'h g ) = exp(-X(logh g ))f(x g ), then 

7T X (g)f(x) = exp(-\Qogh g ))f(x g ), (13.17) 

where h g and x g are determined by (|13. 16|) . When we realize the representation it\ on the space 
of functions f(x) it is desirable to have an expression for a norm in this space expressed by 
means of an integral over X. 
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According to the Gelfand-Naimark-Bruhat decomposition of the group G, almost each ele- 
ment g G G can be decomposed in the form 

g = nhmn = nmn'h, n G N, m G M, n G N, h G A. 

Hence, the subgroup N can be taken as a set X of representatives x of cosets of G/MNA. An 
action formula for operators n\(g), g G G, upon functions f(n) can be obtained in each concrete 
case by means of formulas (|13.16p and (|13.17p . In this space we have the norm 

Il/H 2 = / \f(n)\ 2 dn, (13.18) 
Jn 

where dn is an invariant measure on N, instead of the norm (|13.15p . The representation n\ u - p , 
v G of the principal unitary series, realized on the Hilbert space L 2 (N) (with the norm 
(|13.18p ). is unitary and is unitary equivalent to the corresponding representation in the Hilbert 
space with the norm (|13. 15j) . 

Restrict the representation 7r\ of the group G, realized on the space L 2 (N), upon the subgroup 
N . It is easy to see that the operators 71"^ (no), uq G N, act on L 2 (N) as 

7r>(n )/(n) = fin^n). 

Thus, a restriction of the representation ir\ upon the subgroup N is unitary equivalent to the 
regular representation of this subgroup. We conclude that a decomposition of regular represen- 
tation of N gives a decomposition of the representation tt\1^ into irreducible constituents. 

In particular, if G = SOq(1, n), then A is a commutative group isomorphic to the group T n _i 
of real translations of dimension n — 1 in M n_1 . If (x\, X2, ■ ■ ■ , ^n-i) G r n -l> then an irreducible 
unitary representation of T n _i can be written in the form 

x = (xi,x 2 , • • • ,x n -i) -> e l{ - x ' p \ p = (pi,p 2 , ■■■ ,Pn-l), Pi G M. 

Here x ■ p = xipi + 2:2^2 + • • • + x n -iPn-i- The regular representation of the group N = T n _i 
decomposes into a direct integral of all these irreducible unitary representations and each of these 
representations is contained in the decomposition once. The restriction of the representation n\ 
of G upon the subgroup N = T n „i decomposes into the same direct integral. 

13.6 Restriction of representations -K\ onto NM 

We represent the group G in the form G = (NM/M)AMN. Almost each element g G G 
decomposes uniquely as a product of elements of (NM/M), A, M and N. Therefore, the 
representation ir\ of G can be realized on the space of functions given on the set (NM/M). 
This set is homeomorphic to the subgroup N. Hence, a norm on this space can be given by the 
formula (|13.18p . According to formulas (|13. 161) and (113.17)) , a restriction of the representation n\ 
upon NM acts upon the functions f(x), x G (NM/M) by the formula 

*\(s)f(x) = fts^x), s G NM. 

Therefore, a restriction of the representation tt\ of the group G upon the subgroup NM is unitary 
equivalent to the quasi-regular representation of this subgroup, realized on the homogeneous 
space NM/M. 

In particular, if G = SOq(1, n), then NM ~ ISO(n — 1). The quasi-regular representation of 
the group ISO(n— 1) on the space L 2 (ISO[n — 1) / SO(n — 1)) decomposes into a direct integral 
of all unitary irreducible representations of ISO(n — 1) of class 1 with respect to the subgroup 
M ~ SO(n — 1) and each of these representations of ISO(n — 1) is contained in the decomposition 
only once (see, for example, 0). These representations are given by a real positive number. 
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13.7 Restriction of representations tz\ onto K £ 

The generalized Iwasawa decomposition 

r 

G=\J K £ WiAN, 
i=i 

where the equality is understood on a dense subspace of G, can be written in the form 

r 

G ={J{K £ /M) Wi MAN. (13.19) 
i=i 

Almost each element of G decomposes as a product of elements of (K e /M)wi (i = 1,2, ... ,r), 
M, A, N. Then elements of the set 

r 

X = \J(K £ /M) Wi (13.20) 
i=i 

can be taken as representatives of cosets of G/MAN. Thus, the representation tt\ of the group G 
can be realized on a space of functions given on X. The representation Ti^^p, v G realized on 
the Hilbert space Lq(K) of invariant (with respect to M ) functions on K with the norm (|13.15p . 
is unitary equivalent to the representation tt[ u ^ p realized by formula (|13.17|) on the Hilbert space 
Lq(X) of functions on the set (|13.20p with the scalar product 



(/' /') = E / f(keWi)f'(keWi)dk E 
i=l J Ke 



where dk £ is an invariant measure on K £ . It follows from (113.160 and (|13.17|) that a restriction 
of the representation ir\ of G upon the subgroup K £ acts on functions / given on X by the 
formula 

■K X {kl)f{k EWi ) = f((k° £ )- l k eWi ), k° £ e K £ . (13.21) 

Thus, a restriction of the representation tt\ of G upon the subgroup K £ is unitary equivalent 
to the orthogonal sum of r copies of the quasi-regular representation of K £ on the space of 
functions on K £ /M. Since M is a compact subgroup in K £ , then the decomposition of the 
quasi-regular representation of K £ into irreducible constituents can be easily obtained from the 
decomposition into irreducible constituents of the regular representation of K £ (see [52]). 

In particular, if G = SOo(l,n), then M = SO(n — 1). One of the possibilities for a sub- 
group K £ is SOo(l,n — 1). We have M C K £ and r = 2. A restriction of the representa- 
tion ir\ of the group SOo(l,n) upon the subgroup K £ = SOo(l,n — 1) is unitary equivalent 
to the orthogonal sum of two quasi-regular representations of K £ on the space of functions on 
S'Oo(l,ra — l)/SO(n — 1). This quasi-regular representation decomposes into a direct integral 
of all representations of class 1 (with respect to SO(n — 1)) from the principal unitary series 
of SOo(l,n — 1) and each of these representations is contained in the decomposition only once 
(see, for example, [3]). 



14 Expansion of functions on the cone G/MN 

In order to obtain basis functions on the cone G/MN for each coordinate system, we can act 
as in the case G = SOq{1,A). For this, for each coordinate system it is necessary to find 
differential operators, invariant with respect to the group G and its subgroups characterizing 
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the corresponding coordinate systems, then to create a system of differential equations for 
their eigenfunctions, and to solve this system. As shown below, an expansion of functions on 
G/MN is reduced to expansion of functions, given on homogeneous spaces of subgroups of 
smaller dimension. If the latter expansion is known, then we do not need to create a system 
of differential equations and to solve it. In other words, we shall construct basis functions by 
using the method of reduction of this problem to the problem for a smaller dimension (without 
using invariant differential operators). However, the basis functions, which will be obtained, are 
eigenfunctions of an appropriate system of invariant differential operators. Let us consider each 
coordinate system separately. 

14.1 Expansion for S-system 

Formulas (I13.10p - (|13.12p reduce an expansion of functions f(x) = f(k,h) on G/MN to an 
expansion of functions, given on K/M. Indeed, under the integral in (|13.1ip we have a func- 
tion f(k,i/), which for each fixed v is transformed under irreducible representation ix\ v - p of the 
group G and belongs to Lq(K) = L 2 (K/M). The function f(k,v) can be expanded in matrix 
elements of irreducible representations of the compact subgroup K, invariant on the right with 
respect to the subgroup M. To obtain this expansion it is enough to apply the Peter-Weyl 
theorem. 

Multiplying these representation matrix elements by the exponential functions exp[(— \v — 
p)(log h)] and by exp[(if — /))(log h)] (at fixed u) we obtain basis functions for irreducible spaces 
for the group G. Unification of these basis functions for all values of v gives a (continuous) basis 
of the space L 2 (G/MN). 

For example, if G = SOo(l,n), then K = SO(n) and M = SO(n — 1). Expansion of 
functions given on the cone G/MN is reduced by formula (|13.1ip to expansions on the sphere 
SO(n)/ SO(n — 1). A basis for expansion of the latter functions consists of matrix elements 
of "null" column of irreducible representations of the subgroup SO(n) with highest weights 
(m, 0, 0, ... , 0), that is of representations of class 1 with respect to the subgroup SO{n — 1) (see 
[3], Chapter 9). We denote these matrix elements by D™ Q (k), where a enumerates basis elements 
of the space, where the irreducible representation with highest weight (m, 0, . . . , 0) acts. Then 
the collection of functions (see formula (|13.1ip ) 

D™ (k) exp[(— \v — p)(log/Y)], 771 = 0,1,2,..., — oo < v < oo, 

with different a constitutes the basis of L 2 (SOq(1, n)/MN), where MN ~ ISO(n — 1). 

14.2 Expansion for T-system 

Let us change decompositions (I13.10p - (|13.12p . Namely, we consider functions / £ C%°(G/MN) 
as functions f(n,h) on NA. Then instead of relations (|13.10p - (|13.12p we have 

f(fi,u)= [ f{n,h)e iiu+p){logh) dh, (14.1) 

J A 

f(n, h) = J f(fi, u)e { ~ iv ~ p)[log h) du, (14.2) 

f \f(x)\ 2 dx= [ dn [ \f{n,h)\ 2 e 2p(losh) dh= [ dn [ \f{n,v)\ 2 dv. (14.3) 
Jg/mn Jn Ja Jn Jt 

Thus, anexpansion of functions / € C£°(G/MN) in basis functions is reduced to an expansion 
in basis functions, given on N. For each fixed v, the functions /(n, v) are transformed under 
the left regular representation of the subgroup N. They can be expanded in basis functions by 
means of decomposition of the regular representation of N into irreducible constituents. 
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Let, for example, G = SOq(1, n). Then the subgroup N is isomorphic to (n — l)-dimensional 
group T„_i of translations. The exponential functions 

expi(x-p), x = (xi,x 2 , ■ ■ ■ ,x n -i) £ T n _i, (14.4) 
P = (Pl,P2, • • • jPn-l), -0O<pi<0O, 

where x ■ p = x\p\ + + • • • + a^-ip^-i, constitute a continuous basis for functions given 
on N. Thus, the functions f(x) = /(ft, h) can be expanded in the functions 

exp i(x ■ p) exp[(exp(— iv — p)(log h)], — 00 < pi < 00, — 00 < v < 00. (14.5) 

Using formulas Q14.1)) — Q14.3]) and formulas for expansion of functions f(n) in the basis (|14.4j) . 
it is easy to write down formulas for expansions of functions /(ft, h) in the basis (|14.5p and the 
corresponding Plancherel formula. 

14.3 Expansion for O-system 

In this coordinate system the cone G/MN is parametrized by means of the set (NM/M)A (see 

formula (|12.26j) ). We consider functions / G C™(G/MN) as functions f(y, h) on (NM/M) x A. 
The expansions 

f(y,u)= [ f(y,h)e^ + ^ h Uh, (14.6) 
J A 

f(y,h) = Jj(y,u)e^-^°^du, (14.7) 

/ \f(x)\ 2 dx= [ dy [ \f(y,h)\ 2 e 2 ^ h Uh= [ dy [ \}{ yi v)\ 2 dv (14.8) 
Jg/mn Jnm/m Ja Jnm/m Jr 

hold. As we see, expansion of functions / £ C^°(G/MN) in basis functions is reduced to 
expansion of functions given on NM/M. At each fixed v the functions f(y, v) are transformed 
under the quasi-regular representation of the subgroup NM. By means of decomposition of this 
quasi-regular representation into irreducible representations of the subgroup NM, the functions 
f(y, v) can be expanded in matrix elements of irreducible representations of NM right invariant 
with respect to the subgroup M. 

If G = 50o(l, n), then the subgroup NM is isomorphic to the group ISO(n — I). The quasi- 
regular representation of ISO{n — 1) on the space of functions given on the homogeneous space 
ISO{n — l)/SO(n — 1) decomposes into a direct integral of irreducible unitary representations 
of ISO{n — 1) which are of class 1 with respect to the subgroup SO(n — 1). Matrix elements of 
these representations of ISO{n — 1) in SO{n — l)-basis are expressed in terms of Bessel functions 
and are given in [3]. In expansion of functions given on ISO(n — l)/SO(n — 1) only matrix 
elements of the "null" column take part. If Z?^ (r), r G ISO(n — 1), < R < 00, are these 
matrix elements, then the functions 

D^ (r)e^ iu ~ p ^ losh \ 0<R<oo, -00 < v < 00, 

constitute a collection of basis functions on SOo(l,n)/SO(n) in the O-coordinate system. 

14.4 Expansion for i?-system 

In this coordinate system, the cone G/MN is parametrized by the set 

r 

X = {J(K £ /M) Wi , Wi G W e \W. 

8=1 
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We represent a function / € C£°(G/MN) as a function f(y, h) on X x A Then the transforms 

f(y,u)= [ f(y,h)e^ + ^Vdh, (14.9) 

f(y,h) = J f(y,u)e^-^ h Uu, (14.10) 

/ \f(x)\ 2 dx= [ dy [ \f{y,h)\ 2 e 2p{logh) dh= [ dy [ \f(y,v)\ 2 dv (14.11) 
Jg/mn Jx J a Jx Jt 

hold. Thus, an expansion of functions / £ C£°(G/MN) in basis functions in //-coordinate sys- 
tem is reduced to an expansion of functions given on K £ /M. At each fixed v and Wi the functions 
f{y,v) are transformed under the quasi-regular representation of the subgroup K £ . By means 
of decomposition of this quasi-regular representation into irreducible constituents, the functions 
f{y,v) can be expanded in matrix elements of irreducible representations of K e , invariant on 
the right with respect to the subgroup M. Moreover, matrix elements of representations of K e 
can correspond to different chains of subgroups of K £ . Each basis function is non- vanishing only 
on one set (K e /M)wi. 

If G = SOo(l,n), then the subgroup SOo(l,n — 1), containing the subgroup M = SO(n — 1), 
can be taken as the subgroup K e . In this case r = 2. The elements w\ = 1 and W2 correspond 
to the upper and lower parts of the hyperboloid H n ~ l = SOo(l,n)/SO(n — 1). Thus, 

X = (K £ /M)\J(K £ /M)w. 

The problem of construction of the whole collection of basis functions on the cone G/MN in 
this case is reduced to construction of basis functions for the space L 2 {H n ~ 1 ) of functions on 
the hyperboloid SOq(1, n — l)/SO(n — 1). On this hyperboloid different coordinate systems can 
be chosen. A detailed consideration of this case see in [3], Chapters 9 and 10. 



15 Expansion of functions on the hyperboloid G/K 

The first way of construction of collections of basis functions on the hyperboloid G/K, cor- 
responding to different coordinate systems, is to use reasoning described for the case when 
G = SOq(1, 4) in Section 7. For SOo(l,4:), for each coordinate system we have found a complete 
system of differential operators, invariant with respect to the group G and its subgroups, which 
characterize the corresponding coordinate system. Then we have constituted the corresponding 
system of differential equations and have solved it. 

The second way for solving the problem of construction of collections of basis functions 
consists in using the relations (113.2f) ()13.5f) . Since it is not possible to construct a system of 
invariant differential operators for the case of a generic group G, we use the second way. For 
each concrete group G, the collection of basis functions, which will be found, a priori is a solution 
of the corresponding system of invariant differential equations. Let us consider each coordinate 
system separately. 

15.1 Expansion for S-system 

According to the relation (I13.4|) . a function f(g) £ C^°(G/K) can be represented as 



Jt J kim 



\c{y)\- 2 dv. (15.1) 



Let us consider the intrinsic integral on the right-hand side of this relation. The function f(k, z/), 
as a function on K (constant on cosets with respect to M), can be expanded in matrix elements 
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,(fc) of irreducible representations u of the group K. Only the matrix elements, invariant 
on the right with respect to the subgroup M, enter to the expansion. This condition implies 
a certain conditions for a' . Thus, by the Peter- Weyl theorem we have 



f(k,u)= ^ AZ'D« a ,(k) 



(15.2) 



and 



AU)U 



f(k,v)D» a ,(k)dk, 

K/M 

2, 



uiu 1 2 
aol I 



K/M 



\f(k,u)\'dk. 



;i5.3) 
;i5.4) 



We substitute the expression (|15.2p for f(k,v) into the intrinsic integral on the right-hand side 
of the relation (|15.ip (that is, into the integral (|13.9|) ) and permute summation and integration. 
As a result, we obtain 



1(g) = ^ AZ> [ D« a ,(k) exp{(i^ - p)[H(g- l k)]}dk. 

co,a,a> Jk / M 



;i5.5) 



Since in formula (| 1 5 . 1 j) we are interested in functions / given on G/K we can suppose that 
g = k'h, where k' are representatives of cosets in K/M and h £ A + . Thus, we put g = k'h. 
Making in (|15.5p the substitution k — > k'k and taking into account the relation dk = d(k'k), we 
find that 

l(g)=l(k'h) = £ AZ> [ D^im^vi^-pWih^mdk 

U ,a,af JK / M 

£ J2 A Z>D%a»(k') [ D%„ al (k)exp{(w - p^Hih-'mdk. 

i n J KIM 



u>,a,a' a" 



The integral 



L% w (k) exp{(i^ - p)[H{h- l k)]}dk = V»,„ al) (h) 

K/M 

is a matrix element of the "null" column of the operator iri v - p (K) in the .fT-basis, and 



l(g)=l(k'h) = £ A 



act 1 



u>,a,a' L a 



(15.6) 



Substituting this expression for 1(g) into fj 15. 1 p one obtains the relation 



f(~g) = f(kh) = \W\ 



£ ^aa' C' (k',h) 



\c(y)\ 2 du, 



;i5.7) 



where 



:i5. 
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From (|15.3p and (|13.2p we find the transform inverse to the transform f)15.T|) : 

C' = / dk' f dgf(g)exp{(-iu - p)[H{g- l k')]}n^j¥) 
Jk/m jg 



f(g)F»»(k',h)dg, (15.9) 
where g = khk' , k,k' £ K , h E A. It follows from (|15.4p and (|13.8p that the Plancherel formula 
/ \f(~g)\ 2 d~g= f Yl \AZ'\ 2 \<vT 2 dv (15.10) 

holds. Thus, functions (|15.8p constitute a complete collection of basis functions for the hyper- 
boloid G/K. 

If G = SOo(l,n), then K = SO(n) and M = SO(n — 1). Irreducible representations of K, 
which are of class 1 with respect to SO(n — 1), are given by one non-negative integer m, and 
the matrix elements D^ a ,(k) from (|15.8p and (|15.3p take the form D™ (k), k € K. We suppose 
that these matrix elements are taken in the basis corresponding to the chain of subgroups 

SO{n) D M = SO(n — 1) D SO(n — 2) D • • • . 

Thus, functions (|15.8j) are products of matrix elements of "null" column of a representation of 
the subgroup SO(n) and matrix elements of "null" column of the operator Tt\ u _ p (h): 

F™(k,h)=D™ (k)V" m>0 (h) 

(see [3] for an explicit form of these functions). 

15.2 Expansion for T-system 

Let us write down the formulas f)13.2|) — (|13.5|) in such form that the representation Tr^ u _ p is realized 
on functions given on iV (not on functions, given on K/M). According to f| 13. 16[) and (|13. 17p . 
the operators ir- w -p(g), g E G, act on the space L 2 (N) with the norm (|13. 18[) by the formula 

Kx(g)f(n) = e W {-m'(9^n)}}f(n g ), (15-11) 

where H'^g^n) and n g are determined by 

g~^n = n 9 mexp[//'((7~ 1 n)]n, 

fig e N, m £ M, n £ N, H^g^n) £ a. 
Due to these formulas, instead of the transform (|13.2p we have the transform 

f(n,v)= ! f(g)exp{(-iu-p)[H'(g- l n)]}d~g. (15.12) 
JG/K 

Integration over G/K here coincides with integration on the right-hand side of (|12. 12j) . where iV 
is replaces by N. If the functions f(g) are transformed under the quasi-regular representation 
n H of the group G, then the functions f(n, v) are transformed under the representations 7r_i„_ p 
(by the formula (|15.1ip ). Instead of formulas (|13.4p and (|13.8p we have 



f(9) = \W\- 1 [ [ f(n,v)eM(™-p)[H\g~ l n)}}\c(v)\- 2 dndv, 
JT JN 



(15.13) 
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/ \f(~9)\ 2 dg= \~f{n,v)\ 2 \c(v)\- 2 dndv. (15.14) 

Jg/k J f+ Jn 

Now we expand /(n, u), as a function on N, in matrix elements of irreducible unitary repre- 
sentations of the group N: 

f(n,u) = ! Y,K U a >KAnW{"), (15-15) 



where N denotes a set of irreducible unitary representations uj of the group N. The coefficients 
4™, are determined by the formula 

AZ>= [ Rn,u)D^{n)dn (15.16) 
Jn 

and the Plancherel formula 

/ \f(n,u)\*dn = [ j2\ A Z'\ 2 dK") (15-17) 

holds. 

We substitute the expression (|15.15|) for f(n, u) into the intrinsic integral (the integral over N) 
of the right-hand side of (|15. 13|) . If permutation of the integrations is possible in the obtained 
expression (we denote this expression by l{g)), then 

1(g) = [ ^2 A Z'd^) [ D» a ,(n)eM(w ~ P )[H' (g^nftdn. 
Jn a a , Jn 

Taking into account the T-parametrization of G, we assume that elements g have the form n'h, 
n' £ N , h £ A. Therefore, replacing n by n'n we find 

I(g)=I(n'h)= f Y.Kl'd^Y.KAn) [ D" a „ a ,{n) exp{(i^ - p)[H' \h~ l n]}dn. 
Jn , „ Jn 

a, a' a" 

If the integral 

D%„ al (n) exp{(w - p)[H' (rtjjdn 
exists, we denote it as ^- > ^( Q // Q /)(^). Then it follows from ()15. 13[) that 
f(g) = f(n'h) = \W\- 1 ! ! Y,K*iFZ>(n'ih)d^)\c(v)\- 2 dv, 

J ^ jN a,a> 

where 

FZ'(n\h) =J2 D aa"(n')K(a"a>)(h). (15.18) 

a" 

Using formulas (115.120 and (j!5. 16H one obtains the inverse transform 

AZ>= [ dnf d~gf{g)^ V {{-\ V -p)[H\g- 1 n\}D^Jn). (15.19) 
Jn Jg/k 

A Plancherel formula for these transforms follows from (|15,14|) and (|15.17|) . Thus, the functions 
(|15.18p are basis functions on G/K in the T-coordinate system. 



v 
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15.3 Expansion for O-system 

Let us write down the formulas (|13.2p - (|13.5p in such form that the representation n^-p is 
realized on functions given on NM/M (not on K/M). According to (113. 16[) and (113. 17h . the 
operators -K\ u _ p (g), g £ G, act on the space L 2 (NM/M) by the formula 

n x (g)f(x) = exp{-X[H"(g- 1 x)]}f(x g ), x £ (NM/M), (15.20) 

where H"(g~ l x) and Xg 3X6 determined by 

g _1 x = x g mexp[H" (g~ 1 x)]n, 

x g £ (NM/M), meM, n e N, H"(g~ l x) £ o. 
Due to these formulas, instead of the transform (|13.2p we consider the transform 

f(x,v)= [ f(g)exp{(-iu-p)[H"{g- 1 x)]}dg. (15.21) 

JG/K 

Integration on G/K here coincides with integration on the right-hand side of (|12.15p . where N 
is replaces by N. If the functions f(g) are transformed under the quasi-regular representation 
tt h of the group G, then the functions f(x, v) are transformed under the representation K-i v - p 
(by the formula (|15.20l) ). Instead of formulas (I13.4p and (|13.8p we have 

f(~9) = \W\- 1 [ [ f(x,v)eM(w-p)[H"(g- 1 x)}}\c(v)\- 2 dxdv, (15.22) 

JT J NM/M 

\f(g)\ 2 dg= [ [ \f(x,v)\ 2 \c(u)\- 2 dxdv. (15.23) 

G/K Jr+ J NM/M 

Now our reasoning is as in the previous case. We expand f(x,u), as a function on NM, 
constant on cosets with respect to the subgroup M, in matrix elements of irreducible unitary 
representations of the group NM invariant on the right with respect to the subgroup M: 

f(x,u)=( J2 A a*>D%Ax)dp(u;), (15.24) 

where NMq denotes a set of nonequivalent irreducible unitary representations of the group NM 
of class 1 with respect to the subgroup M. Invariance of matrix elements , (x) on the right 
with respect to M imposes some conditions on values of a' . The coefficients A^f, are determined 
by the formula 



AZ>= / f(x,u)D» a ,(x)dx (15.25) 

J NM/M 
and the Plancherel formula 

/ \f(x,u)\ 2 dx= [ Y,\ A ^?dp(u>) (15.26) 

J NM/M JNMo a a , 

holds. 

We substitute the expression (|15.24p for the function f(x, v) into the intrinsic integral (the 
integral over x) of the right-hand side of (I15.22p . If permutation of the integrations is possible 
in the obtained expression (we denote this expression by 1(g)), the 

1(g) = f J2 A< ^'M^ I D^ al (x)eM(^-p)[H"(g- 1 x]}dx. 

Jnm o n n > J NM/M 
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Due to the O-parametrization of G, elements g have the form yh, where y are representatives 
of cosets of NM/M and h € A. Replacing x by yx and using the relation dx = d(yx) we find 

I(g)=l(yh)= [ J2 A ^'M^)J2 D aa"(y) f D^ a ,(x)eM(^-p)[H"(h- 1 x)]}dx. 

jNM °a, a ' a" J NM/M 

If the integral 

/ D»„ a ,(x)exp{(iv - p)[H"(h- l x)]}dx = K [a , w) (h) 

J NM/M 

exists, then it follows from (jl5.22H that 

f{g) = \w\~ l ( I Y, A Z'FZ>(y,hW(u;)\c(»)r 2 d^ 

JT JNMq „ , 

where 

F2Z(v,h) =J2 D ™»(y)K(«» a >)( h y ( 15 - 2? ) 

a" 

Using formulas (115.2ip and (j 15.251) one obtains the inverse transform 

C = / dx I d~gf(g)eM{-^-p)[H'\g~ l x]}^Jx). 
Jnm/m jg/k 

A Plancherel formula for these transforms follows from this formula and from f|15.23|) . Thus, 
the functions (|15.27p are basis functions on G/K in the O-coordinate system. 

15.4 Expansion for i?-system 

Let us give to formulas (I13.2|) - (ll3.5p such form for which the representations n- lv - p are realized 
on functions on the set 

r 

X = \J(K £ /M) Wl 

8=1 

instead of functions given on K/M. According to (I13.16|) and (|13.17|) the operators n\(g), g £ G, 
act on the space L 2 (X) by the formula 

7rx(9)f(x) = exp{-A[fT" , 0/- 1 s)]}/(x fl ) > xeX, 
where H'" and x g are determined by the relation 

g~ l x = x g mexp[H'"(g~ 1 x)]n, x g G X, me M, n £ N, H"'(g~ l x) £ a. 
Therefore, instead of the transform f)13.2|) we consider the transform 

f{x,v)= f f(g)exp{(-w-p)[H"'(g- 1 x)]dg. (15.28) 

JG/K 

If the function f(g) is transformed under the quasi-regular representation -k h , then the function 
f(x, v) is transformed under the representation 7r_;^_p. Instead of formulas (|13.4p and (|13.8p 
we have 

f(9) = \W\~ 1 [ [ f(x,v)e W {^-p)lH'"(g- 1 x)]}\c(v)\- 2 dxdv 
JT JX 
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= \ W \^y] / f(keW i ,u)exp{(iu-p)[H , ''(g- 1 k £ w i )]}\c(u)\- 2 dk £ du, (15.29) 

[ \f(g)\ 2 dg = Y] I [ \~f(k e w u v)\ 2 \c{v)\- 2 dk e dv, (15.30) 
JGIK ~7 JT+ JKr 



where dk e is an invariant measure on K £ . 



For each fixed v and Wi we expand the function f(k £ Wi, v) (as a function on the group K e , 
constant on cosets with respect to M) in matrix elements of irreducible unitary representations uj 
of the group K £ of class 1 with respect to the subgroup M: 

f(k £ W h u) = I Y, A a% D aAkeW("), (15-31) 



where K £ means the set of irreducible unitary representations of K £ . The coefficients A^, are 
determined by the formula 



Ka>= f{k £ Wi,v)D" aa ,{k £ )dk £ . (15.32) 

The Plancherel formula 

/ \~f(k £ w h v)\ 2 dk £ = ! TlA^d^u) (15.33) 

holds. We substitute the expression (|15.3ip for the function f(k s u>i, v) into the intrinsic integral 
in (|15.29p (we denote this integral by 1(g)). If permutation of the integrals is allowed in the 
resulting expression for 1(g), then 

1(g) =[ J2 A *«>Mu) [ D" aa ,(k £ )eM^-p)[H'"(g- 1 k £ w l )]}dk £ . (15.34) 

E a, a' 6 

Suppose that elements g here have the form k' e Wih, h £ A. Making in (|15.34|) the substitution 
kg ^ kgki? Enid using the relation dk £ = d(k £ k £ ), we find that 



l(g)^l(k' £ w j h) = ! ^^WK^E^'^e) 



x / D^ lw (k £ )exp{(iu - p)[H'"(h- 1 wT 1 k £ w i )}}dk £ 



If the latter integral on the right hand side exists, we denote it as 2?£y a « a >)( w jh). Then the 
formula (|15.29p gives 



f(g) = f(k' E wjh) = \W\~ l jrf / £ A^FZKK: 

77 jt Jk e , 

i=l E a, or 



Wjh)\c(v)\ 2 dp(uj) dv, 



where 

F aa'(K,Wjh) =Y J K*»{K)V v J {a „ ya , ) (w j h). (15.35) 

a" 

The inverse transform is of the form 

K*> = I dk £ [ dg f(g) exp{(-u/ - p)[H'" (g' 1 k £Wl )}} D^ a , (k £ ) . 

JK E JG/K 



Eigenfunction Expansions of Functions Describing Systems with Symmetries 



81 



The Plancherel formula for these transforms follows from (|15.30p and (|15.33p . Thus, the func- 
tions (|15.35|) are basis functions on G/K in the //-coordinate system. 

In the expansions considered above representations of the subgroups N, NM and K £ were 
considered in discrete bases. The corresponding expansions can be similarly obtained also for 
the case when these representations are considered in "continuous" bases. 



15.5 Expansion of ^-invariant functions on G/K 

A function f on G/K is called K-invariant if f(kg) = f{g), g £ G/K. Since elements of G/K 
are determined by representatives g = kh, k £ K , h £ A, then K- invariant functions / on G/K 
can be considered as functions on A: 

f(g) = f(kh) = F(h). 

If M' is a normalizer of the subgroup A in K, then for m £ M' we have mAm~ l = A and 

F(mhrrT 1 ) = F{h). 

In other words, the function F is uniquely determined by values on A+. 

We consider the Fourier transform (|13.2[) of K-invariant functions / on G/K: 

f(k, v) = I f{g) exp{(-n, - p^Hig-^jdg, v^T. 
Jg 

Let us show that f(k, v) is independent of k. For ko € K we have 

/>oM)= / /0)exp{(-nv - p)[H(g- l k G k)]}dg. 
JG 

Since H(g~ 1 kok) = //((/c^ 1 ^)^ 1 ^) and d(k g) = dg, then 
f(k k,u) = [ f(k g)eM(-w ~ pWig-'mdikog) 

f(g)exp{(-iu- p)[H(g- l k)]}dg = f{k,v). 



G 



G 

This means that f(k, v) is independent of k, that is f(k, v) = F(v). 
Thus, for iT-invariant functions / on G/K we have the expansion 

f(g) = \W\- 1 [ [ F{u)e^{(w-p)[H{g- l k)\}\c{v)\- 2 dkdv, (15.36) 
JT JK/M 



where 



H")= [ f{g)^v{{-™-p)[H(g- l k)\}dg. (15.37) 
Jg 

The function 

Mg)= I exp{(i!/ - p)[H{g- 1 k)]}dk (15.38) 
JK/M 

is called a zonal spherical function of the group G corresponding to the representation n^-p- 
This function is in fact the matrix element 

d\Y P (g) = (l,7T iu . p (g)l) (15.39) 
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of the representation Tri u _ p of the group G. It is easy to check that 

(p„(kgk') = ipu(g), k, k' E K, 

that is, fu(g) is a K -invariant function on G/K. 
It follows from (115.361) and (115.381) that 

f{9) = \W\~ l [ F{v)^{g)\c{v)\~ 2 dv. (15.40) 



According to the equality (|12.8p . the measure dg in (|15.37[) can be decomposed into the 
product of the measures on K and A. Since f(g) = F(h), then applying formula (115.38P we 
have 



Jsinha(iT) 



a>0 



dH. 



F{y) = c\W\~ 1 f F(expH)(p v (expH) 

J a 

Using the formula (|12,8|) again we obtain 

H") = I f(g)Mg)dg. (15.41) 
Jg 

The Plancherel formula (|13.5p now takes the form 



\mfdg = \W\- 1 \F{v)\'\c(v)rdv. (15.42) 
G/K JT 

The transform ()15.4ip is called a spherical transform of /('-invariant functions / on G/K. 
The formula (|15.4U|) gives an inverse transform, which is an expansion of the function / in zonal 
spherical functions of the group G. The formula (|15.42p shows that the spherical transform is 
isometric. 

In the spherical transform only the zonal spherical functions (p v (g) of the representations tt{ u - p 
from the principal unitary series participate. The formula (115. 38p determines zonal spherical 
functions for all representations ir^-p of the principal nonunitary series, that is, for representa- 
tions with arbitrary complex linear forms v on o. 
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